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ABSTRACT. Tseng and Yau developed primitive cohomology theories on 
symplectic manifolds. In addition, they proposed a definition of primi- 
tive homology and proved that there is a natural homomorphism from 
the primitive homology to the primitive cohomology. Inspired by the 
work of Tseng and Yau, we develop a new approach to the symplectic 
Hodge theory, and prove in this paper that there is a Poincare duality 
between the primitive homology and cohomology for any compact sym- 
plectic manifold with the Hard Lefschetz property. Among other things, 
we introduce a De Rham complex of real flat chains on symplectic mani- 
folds, and use it to give a dual chain description of the symplectic Hodge 
adjoint operator. 

For projective Kahler manifolds, the Poincare duality between the prim- 
itive cohomology and homology provides a new geometric interpreta- 
tion of primitive cohomology classes from the viewpoint of symplectic 
Hodge theory, which is very different from the ones what algebraic ge- 
ometers had before. As an application, we use the primitive version 
of the Poincare duality theorem to investigate the support of symplec- 
tic Harmonic representatives of Thorn classes, and provide an answer to 
a question asked by Guillemin. 
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1. Introduction 

Symplectic Hodge theory was introduced by Ehresmann and Libermann 
)IEL49| , [L55J, and was rediscovered by Brylinski [Bry88j. A symplectic 
form induces a non-degenerate bi-linear pairing on the space of differential 
forms. By mimicking the construction in Riemannian Hodge theory one 
can define the symplectic Hodge star operator *. In this context, a differen- 
tial form a is said to be symplectic Harmonic if and only if da = d A a = 0, 
where d A = ± * d* is the symplectic Hodge adjoint operator. 

A 2n dimensional symplectic manifold is said to satisfy the Hard Lef- 
schetz property if and only if for any < k < u, the Lefschetz map 

(1.1) L k : H n - k (M) -> H n+k (M) [a] ^ [tu k A a] 

is an isomorphism. A remarkable theorem of Mathieu |Ma95J asserts that 
on a compact symplectic manifold every De Rham cohomology class ad- 
mits a symplectic Harmonic representative if and only if the manifold sat- 
isfies the Hard Lefschetz property. 

Harmonicity is a much flabbier property in symplectic Hodge theory 
than in Riemannian Hodge theory. One does not expect the Harmonic 
representative of a Thorn class to exhibit any interesting global features. 
However, Bahramgiri [Ba06J proved a beautiful result that a compact ori- 
ented submanifold N of a symplectic manifold M is co-isotropic if and only 
if its canonical Thorn current is symplectic Harmonic. He then constructed 
a symplectic smoothing operator for currents on symplectic manifolds, and 
used it to prove that for any tubular neighborhood U of a co-isotropic sub- 
manifold N, there exists a Harmonic representative Tn of the Thorn class 
of N which is supported entirely inside U. This stands in contrast with 
Riemannian Hodge theory, where any Harmonic form which has a zero of 
infinite order is identically zero, cf. |AKS62J. 

In addition, Bahramgiri also proved that if Tn is a symplectic Harmonic 
representative of the Thorn class of a symplectic submanifold N, then the 
support of Tn is the entire manifold M. This motivated Victor Guillemin to 
ask the following fundamental question in symplectic Hodge theory. 
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Question: What can we say about the support of symplectic Harmonic 
representatives of the Thorn classes of isotropic submanifolds? More gen- 
erally, can we give a characterization of the submanifolds of a symplectic 
manifold whose Thorn class admits a symplectic Harmonic representative 
that is not supported on the entire manifold? 

In a different direction, L. Tseng and S. T. Yau |TY09], IITY10| developed 
primitive cohomology theory on symplectic manifolds. On a 2n dimen- 
sional symplectic manifold (M, cu), for any < k < u, a k-form a is said to 
be primitive if and only if 

(1.2) cu n ~ k+1 A a = 0. 

Let P' T (M) be the space of primitive r-forms which are closed under the 
symplectic adjoint operator d A . One version of the primitive cohomology 
group PHd(M) introduced in ITY091 is as follows 

(1.3) PH^M) = ^^' T[M \ 1 < r < n. 

If n < I < 2n — 1, let C;(M) be the space of smooth co-isotropic l-chains 
which have co-isotropic boundaries; if I = n, let C n (M) be the space of 
smooth co-isotropic n-chains. Denote by 3 the usual boundary operator. 
|TY09 1 introduced the following definition of primitive homology. 



(1.4) PH,(M)= k ? | ? n .y ,n<l<2n-l. 

It is shown in [TY09J that the canonical current of any closed oriented cycle 
in Ci(M) induces a cohomology class in PH^ n ~ l (M). In the literature, Tseng 
and Yau are probably the first mathematicians who see that there may be a 
Poincare duality between the primitive cohomology and homology. 

Let us pause for a moment and explain why such a duality theorem is 
a very non-trivial result in symplectic Hodge theory. For simplicity, let us 
assume that the symplectic manifold (M, cu) is compact and satisfies the 
Hard Lefschetz property. As we explain in Proposition 12.71 under such 
assumptions the above definition of primitive cohomology agrees with the 
usual one used by algebraic geometers. In particular, a cohomology class 
[a] € H k (M) is primitive if and only if [cu n ~ k+1 ] A [a] = 0, < k < n. In this 
situation, the usual Poincare duality theorem asserts that the Poincare dual 
of [a] is represented by a 2n — k dimensional homology cycle C. It follows 
that for any closed (k — 2) -form (3 we have that 



(1.5) 



However, under the same assumption the primitive version of the du- 
ality theorem would assert that there exists a 2n — k dimensional cycle C 
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Poincare dual to [a] such that Equation [L5] holds for any differential form 
(3 of degree k — 2. This is by no means obvious. 

To continue this discussion, let us give a more precise definition of co- 
isotropic chains. Equip M 2n with the standard symplectic structure. A 
p-chain element on M is a simplicial p-simplex a in M 2n , together with a 
symplectomorphism from an open neighborhood of cr onto an open set in 
M. A p-chain element is called co-isotropic if the interior of the simplex is 
a co-isotropic submanifold of M 2n . Finally a finite p-chain on M. is a finite 
linear combination of p-chain elements on M. It is called co-isotropic if it is 
a finite linear combination of co-isotropic chain elements. 

In the usual treatment of the Poincare duality between cohomology and 
homology on a compact orientable manifold, one first proves that the Poincare 
duality holds on M m , and then extends it to the manifold using a Mayer- 
Vietoris sequence type argument. However, there are some extraordinary 
technical difficulties when one tries to prove the duality between the prim- 
itive cohomology and homology by following these traditional lines. 

First, it is a rather rigid condition that finite chains are embedded into 
the manifold by local symplectomorphisms. It is hard to establish the local 
Poincare lemma for the primitive homology. Indeed, the usual cone con- 
struction in smooth singular homology fails. And one can not overcome 
the difficulty by choosing a polyhedral subdivision of the manifold, since 
in the symplectic setting we do not have a PL structure which is compat- 
ible with the symplectic structure. Second, the requirement that 3T is co- 
isotropic for any T € C*(M) makes it difficult to establish a Mayer-Vietoris 
sequence for the primitive homology. In addition, the differential complex 
that Tseng and Tau used to define the primitive cohomology consists of co- 
closed primitive forms. The co-closedness condition makes it impossible to 
establish a Mayer-Vietoris exact sequence for the primitive cohomology. 

Inspired by the above-mentioned pioneering work of Tseng and Yau 
|TY09| , and by Guillemin's question concerning symplectic Harmonic rep- 
resentatives of Thorn classes, we develop in the present paper a new ap- 
proach to the symplectic Hodge theory, and prove that there is a Poincare 
duality between the primitive cohomology and homology for any com- 
pact symplectic manifold with the Hard Lefschetz property. Among other 
things, we introduce a De Rham complex of real flat chains on symplec- 
tic manifolds, and use it to give a dual chain description of the symplectic 
Hodge adjoint operator. 

More precisely, we define a real flat chain on a symplectic manifold to 
be a compactly supported current which is the limit of a sequence of finite 
chains. Here the limit is used in the sense as defined in [DR84, Sec. 10], 
which is much stronger than the usual weak limit in the functional anal- 
ysis. This notion of flat chains is a natural extension of flat chains on an 
Euclidean space first introduced in [WH57J. We note that the usual defini- 
tion of a flat chain extends to a convex open coordinate neighborhood on a 
manifold without any difficulty. On such a coordinate neighborhood, using 
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the fundamental duality between flat chains and flat forms, we prove that 
our definition of a flat chain agrees with the usual one used in the geometric 
measure theory. On a symplectic manifold, we show that a flat chain intro- 
duced in our paper is a finite sum of flat chains in the usual sense which 
each sits inside a convex open coordinate neighborhood. (See Definition 
14.41 Lemma l4~6l and Theorem l4.12l for more details.) 

For any compact symplectic manifold, we prove that the De Rham co- 
homology of real flat chains computes the usual De Rham cohomology 
with real coefficients. More importantly, we show that the complex of flat 
chains is a sl2 sub-module of the distributional De Rham complex. One 
can therefore use this complex to do symplectic Hodge theory. If the sym- 
plectic manifold satisfies the Hard Lefschetz property, the Poincare duality 
between the primitive cohomology and homology would follow from the 
symplectic dd A -lemma for real flat chains on the symplectic manifold. (See 
Theorem 17. 1 1 1 for more details.) 

The Poincare duality between the primitive cohomology and homol- 
ogy provides us a much deeper understanding of primitive cohomology 
classes. It asserts that on a symplectic manifold with the Hard Lefschetz 
property every primitive cohomology class with positive degree is Poincare 
dual to a primitive real flat chain, which is shown to be the limit of a se- 
quence of finite co-isotropic chains on the symplectic manifold. On a com- 
pact projective Kahler manifold, this offers us a new geometric interpre- 
tation of primitive cohomology classes, which is very different from what 
algebraic geometers had before, cf. [N93], [SchlOJ. 

Combining this result with the symplectic smoothing operator construc- 
tion in IBa06l . one sees immediately that every primitive cohomology class 
of positive degree is represented by a smooth symplectic Harmonic differ- 
ential form which is not supported on the entire manifold. As an immediate 
application, we prove the following theorem, which provides an answer to 
the question asked by Victor Guillemin. 

Theorem 1.1. Assume that (M, w) is a 2n dimensional compact symplectic man- 
ifold with the Hard Lefschetz property, and that N is a compact oriented submani- 
fold of M with Thorn class [tnL If codim (N) is odd, or if codim (N) = 2p is even 
and [cu] n ~ p A [tn] = 0, then N must admit a symplectic Harmonic representa- 
tive which is not supported everywhere on M. As a special case, the Thorn class 
of a compact oriented isotropic submanifold always admits a symplectic Harmonic 
representative which is not supported on the whole manifold. 

In the other direction, suppose that N is a compact oriented submanifold 
of a compact symplectic manifold M with even codimension 2p, and that 
Tn is the Thorn class of N. Bahramgiri [Ba06, Thm.l] had a beautiful simple 
proof that if [cu n ~ p ] A T>j 7^ 0, then any symplectic Harmonic representative 
of Tn must be nowhere vanishing on M. ( See [TY09, Lemma 4.1] for an 
account available on arxiv.) Combining this result with Theorem ll.il we get 
a rather complete understanding on when a compact oriented submanifold 
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of M. would admit a symplectic Harmonic form that is not supported on the 
entire manifold. 

We had no previous background in the geometric measure theory. We 
are led to this very beautiful theory naturally by the questions arising from 
symplectic Harmonic theory. After we completed the first draft of the cur- 
rent paper, we noticed that a homology theory of integral flat chains (|F69. 
4.4]) has been treated for the the pairs of subsets in R m . This is certainly 
closely related to the cohomology theory we develop in the present pa- 
per. But as we are mainly interested in applications in symplectic Har- 
monic theory, our viewpoint is somewhat different. In addition, we also 
noticed that a dual description for the Riemannian Hodge star operator 
has been worked out by J. Harrison very elegantly in the general frame- 
work called chainlet geometry, cf. BHa06L The dual description for the 
symplectic Hodge operator given in the present paper can be regarded as a 
symplectic counterpart of the main result established in | Ha06|. 

The methods developed in the present paper may have a wider area of 
application. It may be applied to study the other versions of primitive co- 
homology theory introduced in [TY09J and I TY10L As we do not need the 
underlying space to be smooth to have a well developed geometric inte- 
gration theory, it may also be adapted to study the intersection homology 
theory of singular symplectic spaces such as Poisson symplectic stratified 
spaces introduced in [LSV11J. 

In the past, the symplectic Hodge theory has been studied mostly using 
algebraic tools such as Lie algebra representations and spectral sequences. 
The dual description of the symplectic Hodge adjoint operator given in the 
present paper reveals an unexpected close connection between the sym- 
plectic Hodge theory and the geometric measure theory. In a follow-up 
paper |L11| , we will further explore this connection, and discuss possible 
non-trivial applications of the duality theorem established in the present 
paper to symplectic topology. 



2. Preliminaries 



2.1. Review of Symplectic Hodge theory. 

In this section we present a brief review of background materials in sym- 
plectic Hodge theory. For more details, we refer to ]Bry88| , (Yan96J, |Ba06J, 
[TY09J and )ITY10|I . Throughout this section, we assume that (M, tu) is a 2n 
dimensional symplectic manifold. 

On the symplectic manifold (M, cu), the Lefschetz map L, the dual Lef- 
schetz map A, and the degree counting map H are defined as follows. 
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L : 0*(M) — > n* +2 (M), anaAcu, 
A : 0*(M) — > n* _2 (M), a^i^oc, 

(2-1) 

H : O(M) -» Q(M), H(a] = £jn - k)IT k (a), 

k=0 

where 7t = cu -1 is the canonical Poisson bi-vector associated to cu, and 

2n 

n k : Q(M) =0Q'(M) -> O k (M) 

i=0 

is the projection map. 

The actions of L, A and H on O(M) satisfy the following commutator 
relations. 



(2.2) [A,L]=H, [H,A]=2A, [H, L] = -2L. 

Therefore they define a representation of the Lie algebra si (2) onQ(M). 
Although the s I2 -module D. { M ) is infinite dimensional, there are only finitely 
many eigenvalues of H. SI2 -modules of this type are studied in great details 
in [Ma95J and |Yan96j. Among other things,the following result is proved 

in EES 

Lemma 2.1. Assume that (M, cu) is a 2n dimensional symplectic manifold. 

1) For any < r < u, the Lefschetz map 

L n - r : O r (M) -> 2n - T (M), a h-> cu n - T A a 
is an isomorphism; 

2) Let a G n k (M) wzf/z < k < u. TTzen a is primitive if and only if 
Aa = 0. 

3) any differential form a k G O k (M) admits a unique Lefschetz decomposi- 
tion 

(2.3) a k = V" -rPk-2r, 

* — r! 

r>ma;t{^p,0) 

w/zere |3 k _2 T is a primitive form of degree k — 2r. 

Since the symplectic structure cu is a non-degenerate two form, using it 
to identify one forms with one vectors we obtain a non-degenerate bi-linear 
pairing on the space of one forms. This pairing further extends to a non- 
degenerate bi-linear pairing (•, •) on the space of differential k-forms. In 
this context, we define the symplectic Hodge star operator * as follows. 

cu n 

(2.4) * ak A|3 k = (a k ,|3 k ) — , 
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where both ot k and |3 k are differential k-forms. We collect here some useful 
facts concerning the symplectic Hodge star operator. 

Lemma 2.2. 1) * 2 = id. 

2) (Weil's identity) For any < k < n, if a is a primitive k-form, then 

U k(k+l) T_n-k-r 
*-ra=(-1) 2 7 : rrOC 

r! [n — k — rj! 

On the space of differential k-forms, the symplectic Hodge adjoint oper- 
ator of the exterior differential d, is given by 

d A cx k = (-l) k+1 *d*ct k . 

It is straightforward to check that d anti-commutes with d A . In this con- 
text, a differential form <x is said to be symplectic Harmonic if and only if 
da = d A a = 0. 

The following commutator relations are important. 

[d,L]=0, [d A ,A]=0, [d,A] = d A 
K ' [d A , L] = d, [dd A , L] = 0, [dd A , A] = 0. 

For any < k < u, denote by P k (M) the space of primitive k-forms 
on M. The following lemma is an easy consequence of the commutator 
relations given in Equation |2.51 

Lemma 2.3. ( 1TY091 Lemma 2.4]) Let a G P k (M) with < k < n. The action 
of the differential operators (d, d A , dd A ) on othas the following form: 

1) if k < n, then dec = A k+ i + LAk-i; 

2) d A a = -HA k _, = -(n - i + 1 )A k _ i; 

n — k 

3) ifk < n, then dd A a = -d A A k+1 . 

Here A k _i , A k+ i G P*(M) are primitive forms. 

Proof. The first two assertions are proved in IITY091 Lemma 2.4]. The last 
assertion follows from the first two, and the commutator relation [d A , L] = 
d. □ 

We give a definition of primitive cohomology on a symplectic manifold 
as follows. 

Definition 2.4. Let (M, a>) be a 2n dimensional symplectic manifold. For any 
< r < n, the r-th primitive cohomology group, PH r (M), is defined as follows. 

PH r (M) = fer(L n ~ r+1 : H r (M) -> H 2n - r+2 (M)). 

On a projective Kahler manifold, the notion of primitive cohomology 
given in Definition 12.41 is exactly the one used by algebraic geometers, cf . 
|V07[ p. 4]. In fact, when the manifold M satisfies the Hard Lefschetz prop- 
erty, it is not hard to see that the primitive cohomology given in Definition 
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12.41 is naturally isomorphic to the one given in Equation [OJ For complete- 
ness, we provide a proof here using the following symplectic dd A -lemma 
independently established by Merkulov [Mer98| and Guillemin [GuiOl |. 

Theorem 2.5. Suppose that M is a compact symplectic manifold with the Hard 
Lefschetz property. Then we have 

kerd n imd A = imd n kerd A = imdd A . 

The following result is quite useful when one applies the symplectic 
dd A -lemma to primitive differential forms. 

Lemma 2.6. C ITY10I ) Let a € P k (M) with < k < u. Suppose that there exists 
a k-form y such that <x = dd A y. Then there exists a primitive k-form (3 such that 
a = dd A |3. 

Proof. Lefschetz decompose y as follows 

y = (3 k + L(3 k _2 + L 2 (3 k _ 4 + -- - . 

Here |3 k _2t is a primitive differential form of degree k — 2i, i = 0, 1 , 2, • • • . 
Since [dd A , L] = 0, we get that 

(2.6) a = dd A (3 k + Ldd A |3 k _ 2 + L 2 dd A |3 k _ 4 + • • • • 

Since [dd A , A] = 0, the differential operator dd A maps primitive forms to 
primitive forms. Therefore the right hand side of Equation 12.61 is the Lef- 
schetz decomposition of a. Since a itself is a primitive form, it follows from 
the uniqueness of the Lefschetz decomposition that 

a = dd A |3 k . 

This completes the proof. 

□ 

Proposition 2.7. Suppose that M is a compact 2n dimensional symplectic mani- 
fold with the Hard Lefschetz property. Then for any < r < u, 

PH^(M) = PH r (M). 

Proof. First we observe that on any symplectic manifold M, for any < r < 
n, there is a natural homomorphism 

(2.7) PH r d (M) -> PH T (M), [<x] PHd -> [<x] PH . 

Assume that M is compact and satisfies the Hard Lefschetz property. We 
need to prove that this homomorphism is an isomorphism. When r = 0, 
this is trivially true. We may assume that r > 0. Suppose that a is a closed 
form in P r '(M) such that [a]pH = 0. Since by definition a is d A -closed, a 
is both d-exact and d A -closed. It follows from Theorem 12.51 that a = dd A y 
for some r-form y. Since a is primitive, by Lemma 1231 we can assume that 
y is a primitive k-form. Since [d A , A] = and since y is a primitive form, 
d A y is also a primitive form. It follows that [a]pH d = 0. This proves that the 
homomorphism (|2.7|l is injective. 
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If Mph € PH T (M), then by definition L n r+1 a represents a trivial coho- 
mology class in H 2n - r+2 (M). Thus L n - r+1 a = d|3 2n -r+i for a (2n - r + 1 )- 
form |32n-T+i • It then follows from Lemma IZTl that p2n-r+i = L n ~ T+1 r| for a 
(r — 1 )-form r\. Thus L n ~ r+1 (a — dr|) = 0. Note that a — dr| is both d-closed 
and primitive. So it must be d A -closed as well. Thus a — drj represents a 
cohomology class in PH^(M) whose image under the homomorphism (|2.7[) 
is [a]pH- This proves that the homomorphism (J2.7|) is also surjective. 

□ 

It is important to note that if a compact symplectic manifold satisfies the 
Hard Lefschetz property then its De Rham cohomology admits a unique 
Lefschetz decomposition. 

Theorem 2.8. (|Yan96]P On a compact symplectic manifold M with the Hard 
Lefschetz property, we have the following Lefschetz decomposition 

(2.8) H k (M) = L T PH k - 2T (M). 

r 

It is well known that on a differential manifold one can apply a smooth- 
ing operator to any current and get a smooth differential form. In the proof 
of |Ba06 , Theorem 2], Bahramgiri constructed a symplectic smoothing op- 
erator for currents on symplectic manifolds. This is an important construc- 
tion in symplectic Harmonic theory. We summarize the properties of the 
symplectic smoothing operator in the following theorem. 

Theorem 2.9. ([Ba06J) On a symplectic manifold (M, w),for any open set W C 
M, there is a symplectic smoothing operator S satisfies the following properties. 

a) If a current T is of degree k, «S(T) is a smooth differential k-form; 

b) if a current T is supported inside W, then S[J) is supported inside W; 

c) if a current T is symplectic Harmonic, then S[J) is a symplectic Har- 
monic differential form; 

d) if a current T is primitive, then «S(T) is a primitive differential form. 

2.2. Review of the theory of compactly supported currents. 

In this section, we present a quick review of the standard theory of com- 
pactly supported currents in the context of locally convex topological vec- 
tor spaces IIR73) . We follow closely the exposition given in the classic text- 
book PESI. 

Throughout this section, we assume that M is an m dimensional differ- 
ential manifold. We denote by *Bp(M) the space of C v forms on M, where 
p is a finite integer > or p = oo. To simplify the notation, when it is clear 
from the context what manifold we are referring to, we would write *B p 
instead of <B p (M); and when p = oo, we simply write 55 instead of 53 oo. 

For any non-negative integer < i < p, and any compact set K which 
lies in an open coordinate neighborhood U, we define a semi-norm || • 
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on !B p as follows: using the coordinate system {xi , %2, ■ ■ ■ , x m } on U, if the 
restriction of a k-form c|) to U has an expression as 

Y f^^-ikdxi, Adi 2 A--- Adx ilc , 

il <i 2 <---<ik 

then 

(2.9) ||(J)||i< = sup{|D^ ili2 ... ik |, < |j| < i,x e K}, 

where j = [j h j 2 , • • • ,j m ) is a multi-index, |j| = )\ + )i -\ h j m , D> = 

3 

Di 1 • • • D^, and D; = - — . The family of all such semi-norms induces a 

translation invariant Hausdorff topology on 25 p , and turns QS p into a locally 
convex topological vector space. 

Let Dp be the space of forms in 25 p with compact support. For each 
compact set K C M we define 

£ P ,K = *B P n € «8 p , supp cj) C K} 

and observe that D Pi k is closed in *B p . Note that 

Dp = [J {Sp,K, K is a compact subset of M}. 

K 

We endow Dp with the largest topology such that the inclusion maps from 
each subset Dk is continuous. 

From now on, when we refer to D v or <Bp, we mean the topological 
vector space D p or *B p with the topology we just described in the previ- 
ous paragraphs. Without considering the topologies on them, we will use 
O(M) and O c (M) to denote the vector spaces of differential forms and dif- 
ferential forms with compact support on M respectively. 

We will denote by D' V {M) the topological dual of D V [M). A continuous 
M-linear functional in D' v (M) is called a current on M. We say that a current 
T G D 'p is zero on an open set V C M if T(cJ)) = for any cj) G ® v supported 
inside V. It is an elementary fact that there exists a maximal open set in M 
such that T is zero. The complement of this maximal open set is called the 
support of T. 

In this paper, we are mainly interested in compactly supported currents. 
As explained in [DR84J, the space of compactly supported currents in D' v 
can be naturally identified with *B'p, the topological dual of *Bp. A set of 
forms S C *Bp is bounded in *Bp if and only if there exists a covering of M by 
a collection of compact sets K such that each K is contained in a coordinate 
neighborhood U and such that there exists a positive constant > that 
satisfies 

H4)|r K < M l K , VK, V0<i<p. 

A set of forms S C ® v is bounded in D v if it is bounded in 25 p and if the 
supports of all the forms in S is contained in a single compact set K. 

Let V be the topological vector space D v or *B p . De Rham introduced the 
following topology 3 on V, the topological dual of V. 
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Definition 2.10. (|DR84, Sec. 10]) For any collection of finitely many bounded 
subsets Si , S2, • • • , Sq in V, and any r > 0, define 

(2.10) Wj lS2 ... Sq ={T G V, |T(4>)| < r, € n? =1 S t }. 
T/ze topology 3 on V z's £/ze collection of all unions of sets of the form 

f + WJ lS2 ... Sq , feV. 

It is straightforward to check that with the above topology both 23 ' p and 
S)'p are locally convex topological vector spaces. The following result is an 
immediate consequence of Definition l2.10l 

Proposition 2.11. ( IIDR841 Sec. 10]) Let {TJ^ be a sequence in 03 ' p , and T 

a compactly supported current in 03 ' p . Then the sequence {\} converges to T in 
03' p if and only if it converges to T uniformly on any bounded subset in 0S p . 

Observe that for any non-negative integers p, the natural inclusion map 
i : *S = — > 0S p is continuous; moreover, its image is dense in 03 p . A linear 
functional in OS ' is said to be continuous to order p if it is continuous with 
respect to the topology on 03 inherited from 03 p as a subspace. Since the 
image of i is dense in 03 p , the dual map i* : 03 p — > 03' is also injective. It 
is proved in [DR84, Sec. 10] the image of i* in 03' coincides with the space 
of all functionals in 03' continuous to order p. In other words, 03 p can be 
naturally identified with linear functionals in 03' continuous to order p. 

We say that a compactly supported current T in 03 p is k dimensional if 
T(c})) = for any <£> € O(M) whose degree is not k. For a k dimensional 
compactly supported current T, its degree is defined to be m— k. We denote 
by 03 ' the space of all compactly supported currents in 0S p of degree k. 

Given a q dimensional current T in 03', its boundary is by definition a 
q — 1 dimensional current given by 

(2.11) 9T(4>)=T(dc|>), Vct5€03 q -\ 
and its differential is defined by 

(2.12) dT = (-l) q+1 3T. 

Note that the exterior differential d : OS — > 03 is a continuous linear map- 
ping. Therefore both 3T and dT are well defined compactly supported cur- 
rents in OS'. Since d 2 = 9 2 = 0, we have a differential complex 

(2.13) o^os' A os' 1 A--- Aos' m ^o. 

The 1-th compactly supported distributional De Rham cohomology HJ,'~°° ( M) 
is defined to be the i-th cohomology of the differential complex (|2.13l) . 

Let f be a smooth map from a manifold X into a manifold Y. Then the 
pullback map f * : 03 p ( Y) — > 03 p (X) is a continuous linear mapping. Thus it 
induces a pushforward map from 03 p (X) to 0S p ( Y) in the following way. 

U ■ -> <B p m, MT)((J>) = T(f*H V(J) € 03 p (Y). 
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It is straightforward to check that this pushforward map is a continuous 
map; moreover, it commutes with the boundary map, and sign commutes 
with the differential d. More precisely, let dimX = m and dim (Y) = n, 
then we have that 

9f*(T) = f*(3T), df»(T) = (-1) m+n f*dT, VT e «B p (X). 

In this paper, we are particularly interested in the following situation. 
Let U be an open set of a manifold M. Then the inclusion map i : U <-4 M 
induces a pushforward map 

(2.14) U:»;(U)->»;(M). 

Using Lemma 12.111 and a cutoff function, it is easy to show the following 
result. 

Lemma 2.12. The map i2.14t is an injective map. Moreover, suppose that {"LJ is 
a sequence in <B' p (U), and that T is a compactly supported current in Q3' P (U). 
Then {\} converges to T in Q3' p (U) if and only if{i*{\)} converges to i*(T) in 
®' P (M). 

Remark 2.13. By abuse of notations, in this paper we usually do not distin- 
guish a compact supported current T e 03 'i (U) from its image under the 
pushforward map i*(T) G Q3' p (M). 

Now suppose that M is an m dimensional manifold covered by two open 
sets U and V. Then sequences of inclusions 

Mi — uuv< — unv 

give rise to sequences of pushforward maps 

jB*( M ) ^ a^u) e ©"(V) ( signedpushforward 03^u n V) 

(-U(T),u(T)) < T 

This gives us a Mayer- Vietoris sequence 

(2.15) < — <B'\M) ( — SS'^U) e ® /l (V) < — *B' l (U nv)< — 0. 

Proposition 2.14. The Mayer-Vietoris sequence (I2.15D o/ compactly supported 
currents is exact. 

Proof. The argument given in |BT82, Prop. 2.7]for the exactness of the 
Mayer-Vietoris sequence of forms with compactly support extends to the 
present situation. □ 

Therefore we have a long exact sequence 
(2.16) 

• • • «- H-°°' l (uuV) <- H-^fujeH-^'^v) <- H-°°' l (unV) <- h- 00 ' 1 - 1 (uuv) 
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Let n c (M) be the space of compactly supported forms on M. Any com- 
pactly supported form <x € O c (M) defines a compactly supported current 
in 93' (M) as follows. 



«B(M)-»K, c|> i — > 



a A (|). 

M 



Therefore there is a natural chain homomorphism 

(2.17) n c (M) -» «B'(M). 

The following results are standard and we refer to [DR84] and |Mel01| 
for detailed proofs. 

Theorem 2.15. The homomorphism &2.17i induces an isomorphism. 

H*(M) = H~°°'*(M). 

Theorem 2.16. 

(O, z/0<i<m 
\ R, z/ i = m. 



H -°^(R™) 



Theorem 2.17. On a connected manifold every closed current of degree zero is 
equal to a constant. 

Lemma 2.18. (|Mel01, Lemma 3]) In M m the complex of currents with support 
at the origin has homology which is one-dimensional and is in dimension m. 

3. Polyhedral chains and flat chains in R m 



In this section, we collect some basic facts on polyhedral and flat chains 
in M m , and refer to [WH57J and [F69J for more background materials. We 
also prove a few technical results that we need later in the paper. In partic- 
ular, for a sequence of polyhedral chains, there are two notions of conver- 
gence which are important to us: the convergence as a sequence of currents 
introduced by De Rham [DR84J as we explained in Section l2T2l and the con- 
vergence with respect to the flat norm introduced by Whitney [WH57J. We 
prove that in an Euclidean space these two notions are essentially equiva- 
lent to each other. 

An oriented p simplex a = [vo,Vi, • • • ,v p ] in R m is the convex hull of 
p + 1 geometrically independent points {vo, V] , ■ ■ ■ , v p }, i.e., 

CT = {XoVo+X] V! H hXpVp € R m , Xo+X] H hXp = 1 , %i > 0, i = 0, 1 , • • ■ , p}, 

together with an orientation induced by the multi-vector 

(vi - v ) A (v 2 - v ) A - ■ ■ A (v p -v ). 

In this paper, we use the standard Euclidean metric structure on R m im- 
plicitly. When we refer to distance in M m , we mean distance with respect 
to the standard Euclidean metric. For any set A in M m , the diameter of 
A, denoted by diam(A), is defined to be the supermum of the distance 
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between any two points in A. Let D n (cr) be the collection of all oriented 
p-simplices in the n-th barycentric subdivision of a p-simplex a. Then for 
any t G D n (cr), we have 



diam(ir) < 



p + 1 



diam(cr) 



More importantly the Euclidean metric structure determines a Haus- 
dorff measure % k on any k dimensional subset in IR m . Let a be a p-simplex 
in M m . For any continuous function f on M m , we define the integration of f 
on cr to be 



f := 



fd^ p . 



In particular, we define the volume of the p-simplex cr to be 
(3.1) vol(a) =W{a). 

Note that for any < P < m, a p-simplex a determines a unique p 
dimensional affine plane E ff which can be naturally identified with M? by 
a translation. Under this identification, the Hausdorff measure gets iden- 
tified with the Lebesgue measure C v on R v . In calculations made in this 
paper, we will sometimes use this identification. 

Note that the Euclidean inner product structure determines two Euclidean 
volume form on a p-simplex cr which differ from each other only by a sign. 
Now suppose that cr is an oriented p-simplex. Then the orientation of cr 
determines on it a unique Euclidean volume form y a . For a Borel measur- 
able differential p-form in IR m , its restriction to E a admits a representation 
as a = fy a , where f is a Borel measurable function on E a . We define the 
integration of a over cr by 



a 



Let cr be an oriented k-simplex in R m . It defines a canonical k-dimensional 
compactly supported current in Q3{ as follows. 



Definition 3.1. A compactly supported current T in *S{ (M m ) is called a k dimen- 
sional real polyhedral chain in M m if it admits a representation as a finite linear 
combination ofk-simplices in R m . That is to say, there exist real scalars ai , • • • , a\ 
and k-simplices en , • • • , a\ such that 



(3.2) 



T(4>) = 2>i 



4>, Vc^e^i 
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It is important to note that by definition a polyhedral chain may have in- 
finitely many different representations. For instance, let D(a) be the collec- 
tion of all k dimensional simplices in a simplicial subdivision of a k-simplex 
cr, and let any simplex t in D(cr) be equipped with an orientation induced 
by that of c Then we have that 



♦ = L 



4>, Vet. € <Bi. 



On the space of polyhedral chains, there are two important norms: the 
mass norm and the Whitney's flat norm. We first observe that in Equation 
I3.2l we can always assume that any two distinct simplices crt and Cj intersect 
each other along a common proper subface. This is due to the following 
elementary fact on simplicial complexes in M m . 

Lemma 3.2. ([M66. Theorem 7.10]) Let Li and I_2 be two finite simplicial com- 
plexes in M. m . There are simplicial subdivisions L{ and L' 2 ofL) and I_2 respectively, 
such that L{ \J V 2 is a simplicial complex. 

We define the mass norm and the flat norm as follows. 

Definition 3.3. The mass norm of a polyhedral y-chain T = at crt is defined 

i 

as 

M(J)=^\a i \vol(a i ). 
i 

Here we assume that any two distinct simplices and crj intersect each other 
along a common proper subface. 

Definition 3.4. The flat norm of a polyhedral y-chain T = ^ aicxi in M m is 

i 

defined as 

(3.3) ||T|| 6 =m/{M(T-3T)+M(T)}, 

where the infimum is taken over all polyhedral (p + 1 )-chains x in M m . 

More generally, given any open set U C M m that contains the support 
of the polyhedral chain T, if we require the infimum in the equation l|3.3|) 
to be taken over all polyhedral (p + 1 ) -chains t in U, then we get the flat 
norm ||T||t,,u of T in U. In general, this flat norm depends on the region U. 
However, when U is a convex open set in M m , it is shown in [WH57[ Ch. 
VIII] that 

l|T|| b , u = ||T|| b . 

In this paper, we are going to use this fact in the following case. Given two 
balls Bi C B, then ||T||(,,b, = I|T||(,,b- To simplify the notation, for any open 
ball B in R m , we will simply denote by ||T||d the flat norm of T in B. 

Definition 3.5. Let B be an open ball in M. m . The vector space of polyhedral p- 
chains equipped with the flat norm is called the space of polyhedral -p-chains in B, 
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and is denoted by 7\(B). The completion of this normed space is the Banach space 
of real flat p-chains in B, denoted by J\(B). 

The following result is an immediate consequence of Definition 13.41 

Lemma 3.6. ([WH57J) For any polyhedral chain T, we have that ||T|| b < M(T) 
and that ||3T|| b < ||T|| b . 

Let a = [vo, vi , • • • , v v ] be an oriented p-simplex in M. m , and b a point in 
M m . We say that b and a are geometrically independent if {b,vo, • • • ,Vp} 
is a set of p + 2 many geometrically independent points. We denote by 
b * a the oriented (p + 1 )-simplex [b, vo, vi , • • • , v p ]. More generally let T = 

k 

y~ at at be a polyhedral p-chain in M m , where for each i, cr^ is an oriented p- 

i=1 

simplex. We say that b and T are geometrically independent if b and C{ are 
geometrically independent for any 1 < i < k. If b and T are geometrically 
independent, we define the polyhedral (p + 1 ) -chain b * T to be 

b * T = at(b * at). 

i 

The following result is elementary. We refer to |Ad04, Lemma 6.2] for a 
proof. 

k 

Lemma 3.7. Let B be an open ball in R m , and T = ^ a^i a polyhedral -p-chain 

i=1 

in B with < p < m. Suppose that b is a point in B such that b and are 
geometrically independent for any 1 < i < k. Tfen f/zere exists a constant L > 
£/zaf depends only on the diameter of B, suc/i i/za£ 

l|b*T|| b <L-||T|| b . 

For any < k < m, The Euclidean inner product on M m induces a norm 
on A^M 111 which we denote by | • |. A k-vector w G A^R 171 is called simple if 

w = vi A • • • A 

for some collection of vectors {vi , • • • , v^} C M m . The comass of a k-form 
cp e A k M m is defined as 

(3.4) ||cp|| := sup{< cp, w >, w G AkM m is simple and |w| < 1}. 

We now describe a fundamental duality theorem [WH57, P. Viii] in geo- 
metric integration theory which was first proved by J. H. Wolfe in his 1948 
Harvard thesis. ( See also [Hei05] for a modern treatment.) It turns out to 
be particularly useful for our paper. 

Throughout the rest of this section, we assume that B is an open ball in 
M m , and W is an arbitrary open set in M m . A p-form a on W is called flat if 
both a and da lie in L°° (W), where da is in the sense of currents. 
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The vector space of flat p-forms on W is denoted by F k ( W) . It is a Banach 
space under the flat norm 

(3.5) ||a||b = max{ Halloo, ||da||oo}, 

where the L°°-norm ||a||oo for a form a stands for the L°°-norm of the point- 
wise comass as we described in Equation l3.4l 

||a||oo = esssupp{||a(x)||, a(x) e A p M m , x G W}. 

Given a polyhedral chain T in W, we will also use the following notation 
in this paper. 

(3.6) ||ct>||L := esssupp{||a(x)||, a(x) e A p M m , x e suppT}. 

A simple calculation shows that the following result is true. It is elementary 
but quite useful for our paper. 

Lemma 3.8. Let W be an open set in M m . Let T = ^ cuci be a reaZ polyhedral 

i 

k-chain in W, and c() a_/Za£ k-form in .F k (W). T/zen we /zace £to 

|T(cp)l < M(T) • HcpIlL- 

Let O k (W) be the space of smooth compactly supported k-forms in W C 
R m . We equip O k (W) with the flat norm (J3.5|) , and denote the resulting 
normed space by F k (W). Note that the topology on F k (W) induced by the 
norm is weaker than the topology on 2) k (W) that we discussed in Section 
12.21 The dual space of this normed space is a Banach space when normed 
by the dual norm. We denote the dual space by 

F k (W) = (F k (W)) ' . 

It is clear that there is a canonical embedding 

7\(W) c F k (W), 
which extends to an embedding 

(3.7) J- k (W) F k (W). 

We state the fundamental duality theorem in the following form. 

Theorem 3.9. (|Hei05J) IfW = B is an open ball in !R m , then the embedding 
(13. 7P is isometric. As a result, the space J^ k (B) of flat k-forms is the Banach space 
dual of the space J\[B) of flat k-chains. 

We next discuss a canonical embedding of 25 'i (W) into F(W). 

Lemma 3.10. There is a canonical embedding 

(3.8) !B',(W)hF(W). 
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Proof. Suppose that T is a compactly supported current in 53 'i . Set 

s={4)GD, ||44 < 1}. 

It is easy to see that S is a bounded subset in 53i (W). Let K be any compact 
subset of W. Then there exists a constant C such that 

|T(+)| < C\Mk < QMb < C, V4>eS. 

Here j| • ||g is the semi-norm we defined in Equation l2.9l This proves that T 
is a continuous linear functional in F(W). 

□ 

We emphasize that the following result does not depend on the funda- 
mental duality theorem. 

Proposition 3.11. Let {\} be a sequence in^'] (W), and T a compactly supported 
current in 53'i(W). Identify 53'i with a subspace in F(W) using the canonical 
embedding &3.11h Assume that all the supports of \ are contained in a single 
compact set. Then {TJ converges to T in 53 'i (W) if and only {TJ converges to T 
with respect to the flat norm on F(W). 

Proof. Since on the space of compactly supported forms, the topology in- 
duced by the flat norm is weaker than the topology given in Definition 
12.101 the "only if" direction is trivial. We shall only prove the "if" direction. 

Assume that Ok} converges to T with respect to the flat norm. We show 
that it converges to T in 53 'i . Let K be a compact set in W such that all the 
supports of T^ and T are contained in K. Choose two open sets U and V in 
Wwith 

KcUcUcV, and Ki := V C W being compact. 

Let p be a smooth cutoff function such that p = 1 on U and p = outside 
V. Let S be a bounded subset in 53 1 (W). Set 

S p ={p4>, 4> G S}. 

Observe that VcJ) € S, Hp4>IIk, = Ilp4 ) llb- h follows that S p is a bounded 
subset in F(W) with respect to the flat norm. In particular, there exists a 
constant R > such that 

||p4>|| b <R, Vcf^eS. 

Since {T^} converges to T with respect to the flat norm, V e > 0, there exists 
N > 0, such that 

IHic-TUb < |, Vk>N. 

As a result, we have that 

[T k (pcp) -T(pcp) < HTk-TIb, • ||p4>||» < e, Vk > N, V* G S. 
Note that for any cp G S, (1 — p)cp is supported outside K. It follows that 
T k (pcb) = T fc (4»), Vk>l, and T(pcb) =T(<\>). 
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Therefore we have that 

|T k ((|))-T((t))|<e, Vk> N,V(J) e S. 
This completes the proof. □ 

An argument similar to the proof of Proposition 13.111 gives us Lemma 
I3T21 

Lemma 3.12. The image of the embedding map ( I3.8P consists of compactly sup- 
ported continuous linear functionals in F(W). 

The following result is an immediate consequence of Theorem 13.91 and 
Froposition l3.11l 

Theorem 3.13. Let B be an open ball in M m , and {\}^ a sequence of polyhedral 
chains in B. Assume that the supports of all polyhedral chains {\} are contained 
in a single compact set. Then the sequence {TJ converges to a compactly supported 
current T in 93'i (B) if and only if it converges to T with respect to the flat norm 
(EH). 

By Lemma l3.12l and Theorem l3.9l the space of compactly supported flat 
chains in B embeds into 93'i (B). The next result asserts that its image is a 
closed subspace in 93'i (B). It is an easy consequence of Theorem l3.13l 

Corollary 3.14. Suppose that B is an open ball in M m , that {\} is a sequence of 
flat chains in J-~(B), and that T is a compactly supported current in 93'i (B). If{\} 
converges to T in 93'i (B), then T e J"(B). 

The following technical lemma will play an important role in Section l431 
It can be derived from the general discussions in [WH57, Ch. VII] on the 
product between a sharp function and a sharp chain. However, since the 
case we need is rather elementary we present a direct proof below. 

Lemma 3.15. Let W be an open set in M. m , cr a p-simplex in W, and p a C 1 

function on W. Then there exists a sequence of polyhedral chains {\} in W such 
that lim T^ = p • cr in 93 { and such that 

supp Tic C [supp a) n ( supp p). 

Proof. Let D k (cr) be the collection of all p-simplicies in the k-th barycentric 
subdivision of a. For any t € D k (cr), denote by b x the barycenter of T, and 
equip t with an orientation induced by that of a. Define 

TGD k ((j) 

By construction, all the supports of T^ are contained in the single compact 
set supp a. To prove Lemma 13.151 by Proposition 13.111 it suffices to show 
that that {\} converges to p • a with respect to the flat norm. 
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Now observe that for any k-form <£> G F k (W), we have that 

|T k (cb) - p • o-(cb)| = | Y_ p(b T )T(c[>)- Y_ T (P*)I 

TeD n (<T) TeD k (o-) 



£ L 

TeD k (ff 



(p(b x )cb — p4>| 

< Y. m WII(P-P(W))+IISo (ByLemmaEEJ) 

TSD k (o-) 

< Y_ vol(T)diam(T)||p|| b ||4)|| fa 

TSD k (oj 

< vol(a) f-O diam(a)||p|| b ||4)|| b . 



It follows immediately 

IITn - P • ff||b < vol(ff) f^Tf) diam(ff)||p|| b . 
Letting k — > oo, we get that lim HT^ — p • a||j = 0. 

" v k— >oo 



□ 



Let T be a compactly supported flat chain in an open ball B . By definition, 
there exists a sequence of polyhedral chains {T^} that converges to T with 
respect to the flat norm in B. The following result asserts that this sequence 
of polyhedral chains can be chosen such that all the supports of {T^} are 
contained in a single compact set in B. 

Lemma 3.16. Let B be an open ball in M m , and T a compactly supported real 
flat chain in F{¥>). Then there exists a sequence of polyhedral chains {T^} that 
converges to T in (B). 

Proof. Let K be the compact support of T. Choose two balls Bi and B2 con- 
centric with B such that KcBi C B2 C B. Choose a smooth cutoff function 
p such that p = 1 on Bi and p = outside B2. By construction, we have 
that p • T = T. By definition of flat chains, there is a sequence of polyhedral 
chains {TiJ that converges to T with respect to the flat norm. By Lemma 
I3.15l each p • is a flat chain. Using Theorem l3.9t it is easy to see that {p • T^} 
converges to T = p • T with respect to the flat norm. 

For any k > 1 , by Lemma 13.151 there exists a polyhedral chain such 
that 

HQic — p • Ik I It, < ri an d such that supp Qk C ( supp a) n ( supp p). 
ic 

It is clear that {QiJ converges to T with respect to the flat norm; moreover, 
all the supports of are contained in a single compact set B2 in B. Lemma 
!3.16l now follows easily from Theorem l3.13l 

□ 
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It is important to note that the invariance of flat chains under Lipschitz 
maps. Let U be an open set in W 1 , and X a subset of X. A function f : X — > 
M m , X C W 1 , is said to be a L-lipschitz from X to M m if there exists a constant 
L > such that 

|f(x) -f(y)| < L|x-y|, Vx,y € A. 
In particular, if f is a smooth map from an open set in W 1 to an open set R m , 
and if X is a compact subset of U, then f : X — > V is a Lipschitz map. We 
refer to [WH57, Ch. X] for a proof of the following result. 

Theorem 3.17. Let f be an L-Lipschitz map from an open set U c M n into an 
open set W C M m . Then for any polyhedral k-chain A € ^(U), and any open set 
VcR m with 



f ( suppA) C V C V C W, and V being compact, 

there exists a sequence of polyhedral chains {At} in V that converges to the Lips- 
chitz chain f(A) with respect to the flat norm. Moreover, if n = m, and iff is a 
bi-Lipschitz map from U to V, then f (A) e J 7 ] C (]R n ). 

We conclude this section with the following result, which will be used in 
the proof of Theorem l4.9l 

Proposition 3.18. Let B be an open ball in M. m , {T n }^° =1 a sequence of polyhedral 
-p-chains with < p < m that converges in 93 {. Suppose that b is a point 
in B such that b and T n are geometrically independent for any n > 1 . Then 
{b * T n }^° =1 converges to a p + 1 dimensional real flat chain Q in 93{. Moreover, if 
{T n } converges to zero in 93 'i, then Q = 0. 

Proof. Since {T n } converges to T in 93 'i , the supports of all polyhedral chains 
T n are contained in a single compact set. It follows that the supports of 
all the polyhedral chains b * T n are contained in a single compact set. By 
Theorem I3.131 to prove the first assertion it suffices to show that V e > 0, 
there exists an integer N > such that , 

||b *Ti-b *Tj|| b < e, Vi,j > N. 

This follows immediately from Lemma I3.71 The second assertion can be 
proved similarly. 

□ 

4. Real flat chains on symplectic manifolds 
4.1. The De Rham complex of flat chains on symplectic manifolds. 

Throughout this section, we assume that (M, tu) is a 2n dimensional 
symplectic manifold. A symplectically embedded p-chain element, or sim- 
ply a p-chain element T in M, is by definition a p dimensional compactly 
supported current in 93 'i (M) which admits a representation 



T(cM 



(rr 1 )**, Vcj>e93i, 
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where a is a p-simplex in R , and h is a symplectomorphism from an open 
set U in M onto an open neighborhood of a in R 2n with the standard 
symplectic structure. We will denote a p-chain element T by [(a, h)]. 

Definition 4.1. A finite -p-chain T in a symplectic manifold M is a p dimensional 
compactly supported current in *8'i (M) w/zic/z admits a representation as a finite 
linear combination of -p-chain elements in M, 

k 

(4.1) T = ^a i [(a i ,h i )], 

v=1 

where for any 1 < i < k, ai is a real number, is a -p-simplex in R 2n , and h{ is 
a symplectomorphism from an open set lit in M onto an open neighborhood 0| of 
at in M 2n with the standard symplectic structure. We will denote by A P (M) the 
space of all finite -p-chains in M. 

When a compactly supported current T is a finite p-chain in M, for any 
p-form 4> € Q5i, we would also write T(4>) as J T 

Let M be a 2n dimensional symplectic manifold, [[a, h)] a p-chain ele- 
ment. We say that [(a, h)] is a co-isotropic chain element if the interior of a 
is a co-isotropic submanifold of M 2n with the standard symplectic structure. 
A finite p-chain T is called a co-isotropic finite p-chain if it admits a repre- 
sentation as a finite linear combination of co-isotropic p-chain elements. 
The notion of a finite isotropic chain can be defined in a similar fashion. 

Example 4.2. Let B be an open symplectic ball in M. 2n with the standard 

v 

symplectic structure o>o, and T = ^ aiOi a k-dimensional polyhedral chain 

i=1 

in B. Then T must be a finite chain in B. Moreover, T is co-isotropic if and 
only if for any < i < I, the interior of (T\ is a co-isotropic submanifold of 

R 2n . 

Let [( [vo, V] , • • • , v p ] , h)] be a p-chain element in M. Its boundary is given 
as follows. 

(4.2) 3[([v ,vi,--- ,v p ],h)] =^(-ir 1 [([v ,--- ,Vp],h)]. 

i 

k 

Let T = ^ ai[(oi, hi)] be a finite chain in M. Then its boundary 3T is 

v=1 

given by 

3T = Y_ aJScTbhi]. 

i 

It is easy to see that in this context, we have the following Stokes' For- 
mula. 
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Lemma 4.3. ([DR84. Sec. 6]) If J is a finite p-chain in M, then for any (p — 1* 
form a € 93 '(M), we liare t/zfli 



(4.3) 



a : 

3T 



da. 

T 



It follows that for any finite p-chain in M, its boundary 3T given in Equa- 
tion I4.2I agrees with the boundary 9T given in Equation I2.11I As a result, 
the definition of 3T does not depend on a particular representation of T 
as a finite linear combination of chain elements in M. Moreover, it is easy 
to check that the boundary operator is not going to destroy the finiteness 
condition. If T is a finite chain, then 3T is also a finite chain. 

Definition 4.4. Let (M, tu) be a 2n dimensional symplectic manifold. For any 
< i < 2n, the space of real flat chains in M with degree i is defined to be 

(4.4) T { {M) ={T 6 93'i, T = lim T k in 93' b where {T k } C A 2n -i(M)}. 

k— >oo 

To simplify the notation, we simply write instead of J^IM.) when it is clear 
from the context to which manifold we are referring. An element T in will be 
called a real flat chain of degree i. 

Remark 4.5. a) The notion of a flat chain given in Definition I4.4I is a 
natural extension of a flat chain on M m introduced in [WH57J. For a 
symplectic ball B in M 2n with the standard symplectic structure, we 
prove in Lemma [4761 that T is a flat chain in B as given in Definition 
14.41 if and only if T is a flat chain in B as given in Definition 13.51 and 
T is compactly supported. For a general symplectic manifold, we 
prove in Theorem 14. 121 that a flat chain given in Definition 14.41 is a 
finite sum of flat chains given in Definition 13.51 (See Theorem 14.121 
for the precise statement.) 

b) By definition, .P(M.) is the sequential closure of A 2n -i(M) in 93{ (M). 
We prove in Corollary 14.131 that J-^(M) itself is sequentially closed 
in93j(M). 

c) We emphasize here that we have followed the the lead of |F69l 4.12] 
by requiring that a flat chain is compactly supported. Throughout 
the rest of this paper, when we are using the notion of a flat chain, 
we use it in the sense of Definition 14.41 

Lemma 4.6. Let Bbea symplectic ball in R 2n with the standard symplectic struc- 
ture. Then the condition that T is a flat chain in B as given in definition 14.41 is 
equivalent to that T is a compactly supported flat chain in B as given in Definition 



Proof. Assume that T is a flat chain in B as given in Definition 14.41 Then 
there is a sequence of finite chains Ok} in B that converges to T in 93 'i . By 
Theorem 13. 171 for any k > 1, \ is a flat chain in B. It follows immediately 
from Corollary 13. 141 that T is a flat chain as given in Definition l3.5l 
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Assume that T is a compactly supported flat chain as given in Definition 
By Lemma 13.161 there exists a sequence of polyhedral chains {\} that 
converges to T in 5B'i . Thus T must be a flat chain as given in Definition 

m ' □ 

We postpone the proof of the following lemma to Section 1431 

Lemma 4.7. Assume that (M, w) is a 2n dimensional symplectic manifold. If a 
sequence of flat chains {\} converges to J in^B'i, then 

dT = lim \, and 3T = lim d\, in*B'i. 

k— >oo k— >oo 

As a result, if J € F 1 , then dT e J ri+1 . 

By Lemma l4~7l we get the following cohomological differential complex. 

(4.5) -> F° A P A • • • A T ln -> 0, 
and we define 

(4.6) W\T, d) = 1 — f V0 < i < 2n. 



4.2. Poincare Lemma. 



We establish in this section the Poincare lemma for H*(J r , d). Given a 
symplectic ball B in M. 2n , we first prove a simple lemma which provides us 
an useful necessary condition for a sequence of zero dimensional polyhe- 
dral chains to converge in 58 { (B). 

Lemma 4.8. Let Bbea symplectic ball in M. 2n with the standard symplectic struc- 
ture uoq. Let {TJ be a sequence of zero dimensional polyhedral chains in B that 
converges in 58V For any k > 1, write 

(4.7) T k = Y_ QkiS(xki), 

i 

where is a real scalar, and 5(x]<0 is the Dirac delta function at point x^ in B. 
Set = a^i. Then the sequence {a,]J must converge. 

i 

Proof. Let f(x) = 1 be the identify function on B. It is clear that f G 58 'i. 
Lemma l4~8l follows easily from the fact that the sequence Ok(f)} must con- 
verge. □ 

Theorem 4.9. (Poincare Lemma) Let B be a symplectic ball in R 2n equipped 

n 

with the standard symplectic structure <x>o = ^ dxt A dyi, and let {-FfB), d} be 
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the differential complex defined in ( 14.5I >. Then 

H i (j-(B),d) = r 



if < i < 2n 
ifi = 2n. 



Proof. If i = 0, assume that Tg J such that dT = 0. Then by Theorem|2lZl 
we must have T = C for some constant C. However, since T is by definition 
a compactly supported current, we must have C = on B. 

We next prove the case that < i < 2n. Suppose that T e P such that 
dT = 0. It follows from Lemma 14.61 that T is a compactly supported flat 
chain as given in Definition 13.51 By Lemma 13.161 there exists a sequence of 
2n — i dimensional polyhedral chains {T k } in B that converges to T in 23 'i . 

For any < i < 2n, the support of each T k is contained in the union of 
finitely many 2n — i dimensional planes E k i , • • • , E k i k . Note that for any 
fixed k, the complement of u}^ E k i in B is an open and dense subset. By 
the Baire's category theorem, the intersection of all such complements is an 
open and dense subset in B. Choose a point b in this open and dense set. 
Then b and T k are geometrically independent for any k > 1 . 

By Proposition Him {b * T c }^ 1 converges to an element Q G in 93 {. 
It follows from Lemma l4~7l that 

9(Q) = 9( lim b * T k ) = lim 9(b * T k ). 

k— >oo k— >oo 

If < i < 2n, we note that by Lemma l4~7l 

9T= lim 3T k = in 93'i. 

k— >oo 



It follows that 



9(Q) = lim -b * (9T k ) + lim T k = T. 

k— >oo k— >oo 



This proves the case < i < 2n. 

If i = 2n, consider the representation of T k in Equation 14.71 Using the 
same notation as in Lemma l4~8l we have that 

9Q = (- lim a k )5(b) + T. 

k— >oo 

Here 6(b) is the Dirac delta function at point b. Note that by Lemma [4.81 
lim^oo a k does exist. The case i = 2n now follows easily from Lemma 
I2T81 

□ 



4.3. Mayer- Vietoris exact sequence. 

In this section we establish the Mayer- Vietoris sequence for the De Rham 
complex of real flat chains on a symplectic manifold. We first prove that the 
product of a finite chain and a C 1 function is a flat chain. 
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Lemma 4.10. Let (M, w) be a 2n dimensional symplectic manifold, and let T = 
i 

y ai[((Ti,hi)] be a finite -p-chain on M. Here for each i, Oi is a ^-simplex in 

i=1 

M 2n , and hi is a symplectomorphism from an open set lit in M onto an open 
neighborhood Oi of in M 2n . Suppose that p is fl C 1 function on M, iizen we 
have that p • T £ J"(M). Moreover, if p is compactly supported inside an open set 
U c M, then p • T € T{U). 

Proof By Lemma 13.151 for any 1 < i < I, there exists a sequence of poly- 
hedral chains Qtj that converges to (p o hr 1 ) • in 23 'i (Oi). It follows 
that for any fixed 1 < i < I we get a sequence of finite chains [(Qtj, hi)] 
that converges to the compactly supported current p • [(at, hi)] in <B'i (Ui). 
Moreover, all the supports of Qij are contained in a single compact set 
K := Ui( supper Pi supp p). It follows from Lemma |2.12| that 

i 

Tj =^a l [(Q ij ,h i )] 

i=1 

converges to p • T in <B'i (M). 

If suppp C U, then all the supports of the finite chains Tj are supported 
inside a single compact subset in U. It is easy to see that {Tj} converges to 
p • T in OS', (U). Therefore p • T e JTU). 

□ 

Proposition 4.11. Suppose that M is a 2n dimensional symplectic manifold, that 
T is aflat chain in J-"(M), and that p is a compactly supported smooth function 
supported inside an open set U c M. Then p • T £ .F(U). 

Proof Let K be the compact support of p. Have it covered with finitely 
many Darboux coordinate chars (Ui,hi) in U such that for each i, hi is 
a symplectomorphism from Ui onto a symplectic ball Bi in M 2n with the 
standard symplectic structure. Choose a partition of unit {AJ subordinate 
to {Ui}. Set pi = Ai • p. By construction, each pi is compactly supported, and 

P = Li Pi- 

Since T is a flat chain in ^(M), by definition, there is a sequence of finite 
chains Ok} that converges to T in *B'i (M). By Lemma [4.101 for each fixed i, 
{pi • TJ is a sequence of flat chains in .F(Ui). It is clear that {pi • TJ converges 
to Pi • T in *B 'i (Ui), and that all the supports of p • T^ are contained in a single 
compact set. Since for each fixed i, hi is a symplectomorphism from Ui onto 
a symplectic ball Bi in M 2n , it follows from Lemma [4.61 and Corollary 13.141 
that pi • T is a compactly supported flat chain in J"(Ui). A straightforward 
check of definitions shows that 

p-T = 2>i-T£7-(U). 
i 

□ 
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A close examination of the proof of Proposition ^. 1 1 1 gives us the follow- 
ing result. 

Theorem 4.12. Let (M, tu) be a 2n dimensional symplectic manifold, and T a 
flat chain in J^M). Then there exists a finite sequence of compactly supported 
currents {Ti}| =1 C ^(M) which satisfies the following conditions. 

1) For any i, there exists a Darboux coordinate chart (Ui, hi) such that 
hi(Ui) is a symplectic ball in M 2n with the standard symplectic struc- 
ture, and such that \ is supported inside Ui. 

2) For any i, if we use hj to identify Ui with its image in M. 2n , then Ti is a 
compactly supported flat chain in ^(Ui) in the sense of [F69, 4.12]. 

i 

3) T = ^\ 

The following result asserts that the space of flat chains is sequentially 
closed in QS'i . 

Corollary 4.13. Let (M, tu) be a 2n dimensional symplectic manifold, {T k } a se- 
quence of flat chains in M, and T a compactly supported current in 23 V If Ok} 
converges to J in QS'i, then T is also aflat chain in M. 

Proof. Since {T k } converges to T in 23 'i, all the supports of T k and T are 
contained in a single compact set K. Cover K with finitely many Darboux 
coordinate charts (lit, hi) such that Bi := hJUJ is a symplectic ball in M. ln 
with the standard symplectic structure. Choose a partition of unit {pi} sub- 
ordinate to {Ui}. Then for any fixed i, pi • T k converges to Pi • T in 23 'i (Ui). It 
follows from Lemma [4761 and Proposition l3. 141 that each pi • T k is a flat chain 

in Ui. A check of definitions shows that T = pi • T is a flat chain in M. 

□ 

We present a proof of Lemma l477l below. 

Proof. By Theorem 14.121 it suffices to give a proof in the case that M is a 
symplectic ball in R 2n . By Lemma [3.161 there is a sequence of polyhedral 
chains {TJ in B that converges to T with respect to the flat norm (|3.4|) ; more- 
over, all the supports of T^ are contained in a single compact set in B. By 
Lemma 13761 we have that that 

l|3T k -3T|| b < ||T k -T|| b . 

It follows immediately that {dTJ converges to dT with respect to the flat 
norm (|3.4|) in B. Moreover, since for any k, 

supp (dT k ) C suppT k , 

we conclude that all the supports of dT k are contained in a single compact 
set in B. Lemma l4~7l now follows immediately from Theorem l3.13l 

□ 
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The following lemma is an important step towards establishing the ex- 
actness of the Mayer- Vietoris sequence for the De Rham complex of real flat 
chains. 

Lemma 4.14. Suppose that M is a 2n dimensional symplectic manifold covered 
by two open sets U, V. If J is aflat chain in F{M.), then there exist flat chains 
T u G F[U) and T v G .F(V) such that T = T u + T v . 

Proof. Let {pu, Pv} be a partition of unit subordinate to the open cover {U, V} 
of M such that supp pu C U and supp py C V. By construction, we have 
that 

T = p u • T + p v • T. 

Moreover, it follows from Proposition 14.111 that pu • T G -^(LL), and that 
Pv • T G T[V) . This completes the proof. □ 

Let M be a 2n dimensional symplectic manifold covered by two open 
sets U, V. We define two natural maps 

(4.8) r(unv)^r(u)®r(v), t^ (-t*m,-um), 

(4.9) F(U)®T*(V)^T*IM), (Ti,T 2 )mUTi)+u(T 2 ), 

where t* denote the pushforward maps induced by the obvious inclusion 
maps. These two maps gives rise to the following Mayer- Vietoris sequence. 

(4.10) <— T*{M) <— T* (U) © F* (V) <- T* (U n V) <- 

Proposition 4.15. The Mayer-Vietoris sequence (14.101 ) is exact. 

Proof. The only step requires a proof is that Map 14.91 is surjective. This fol- 
lows immediately from Lemma \A. 141 

□ 

Then standard facts in homological algebra gives us the following long 
exact sequence 
(4.11) 

• • • < — H X (7-(U UV))< — H l (^(U)) © H^TYV)) < — H X (7-(U nV))( — H 1_1 [F{U U V)) 

Note that the chain map given by the inclusion 

T{M) <8'(M) 

induces a natural homomorphism of cohomologies 

(4.12) H*CF(M), d) H~°°'*(M). 

In view of the long exact sequence (|2.16|l , the standard Mayer-Vietoris 
argument as explained in [BT82 . Sec. 5] provides us the following result. 

Theorem 4.16. For any compact symplectic manifold (M, tu), the natural homo- 
morphism i4.12i is an isomorphism. 
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5. SI2 MODULE STRUCTURE 
5.1. sl-2 module structure on distributional De Rham complex. 

In this section, we discuss sl2-module structure on the space of com- 
pactly supported currents on a 2n dimensional symplectic manifold. To 
set up the stage, we first review the wedge product construction between 
a form and a current, and the inner product construction between a multi- 
vector and a current. 

Let a be a smooth differential r-form, and Z a smooth s-vector field on a 
differential manifold M. We have the following two maps 

5S p -» 23p,ct> h-> a A cf), *B p -» 53 p , ct) h-> i z ct). 

It is easy to see that they are both continuous linear mapping. Now for a 
compactly supported current T of degree k, define ocAT and izT as follows. 

aAT((j>) = (-l) kr T(aA4)), l z T(c|>) =T(t z cp), Vet, € *B p . 

Then both a A T and izT are compactly supported currents in *B p . 

Definition 5.1. Let (M, tu) fee a 2n dimensional symplectic manifold, n = cu _1 
f/ze canonical poisson bi-vector, and IT 1 : <B — > 93 1 f/ie projection operator. Define 
the Lefschetz map L, f/ze duaZ Lefschetz map A, and f/ie degree counting map H on 
< B' as follows. 

(LT)(a) = T(cu A a), AT(a) = T( L7T a), (HT)(a) =T(-^(n-i)TT l a), 

i 

VT G 53', Vae <8. 

i/zis context, a compactly supported current T of degree i is said to be primitive 
if L n - i+1 T = 0, where < i < n. 

Lemma 5.2. Consider the maps given in Definition 15.31 We have the following 
commutator relations. 

[A, L] = H, [H, A] = 2A, [H, L] = -2L. 
Therefore they define a natural sl2 module structure on 53'. 

Proof. It is an immediate consequence of Definition 15.11 and the usual com- 
mutator relations on forms given in Equation l2.2l □ 

Observe that although *B' is an infinite dimensional sl2-module, it has 
the property that H has only finitely many eigenvalues. The following re- 
sult is a direct consequence of BYan96l Corollary, 2.5, 2.6]. 

Proposition 5.3. Let (M, w) be a 2n dimensional symplectic manifold. We have 
the following results. 
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1) 

is an isomorphism for any < k < n. 

2) A current T in 23' is primitive if and only if AT = 0, where < k < u. 

3) Any T G 25 /k admits a unique Lefschetz decomposition as follows. 

(5-1) T= V" ^T k _ 2r , 

* — r! 

r>max( ^,0) 

wfoere Tk_2r is a primitive compactly supported current in *B' k ~ 2r . 

Definition 5.4. For any < i < 2n, de/i'ne fwe symplectic Hodge star operator 
by 

(*T)(a) = T(*a), T G <8'\ a G <B\ 
And define the symplectic Hodge adjoint operator d A by 

(d A T)(a) =T(d A a), T e *B'\ a G <B 2n - i+1 . 

A compactly supported current T is caZ/ed (symplectic) Harmonic if and only if 
dT = d A T = 0. 

It is easy to see that by definition 

d A T = (—1 *T*, VT G < 3' i . 

Moreover, using the commutator relations on forms given in Equation 12.51 
it is straightforward to check that we have the following commutator rela- 
tions on currents. 

Lemma 5.5. 

[d,L]=0, [d A ,A]=0, [d,A] = d A , [d A ,L] = d, [d,d A ]=0. 

The following result is an easy consequence of the commutator relations 
given in Lemma 1531 

Lemma 5.6. Consider the Lefschetz decomposition of a compactly supported cur- 
rent T of degree k as given in Equation \5.1\ Then 

1) there are non-commutative polynomials <Di< )T (L, A) such that 

\-2r = O k)T (L,A)T; 

2) each T k _2r is d-closed and primitive if J is Harmonic. 

We conclude this section by deducing the Weil's identity for currents 
from the usual Weil's identity for differential forms. 

Lemma 5.7. ( Weil's identity) 

For any < r < u, and any primitive current T G B' v , we have the following 
Weil's identity 

L T T . p(P+n L n -P- r T 
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Proof. Given a test form <x € 03 2r+ P, Lefschetz decompose a into 

Ok 

k! 



-= L ^> 



^max( 2T+ |- n ,0) 

where <x k is a primitive (2r + p — 2k) -form. Set i k = 2r + p — 2k. Then we 
have 

L r T L r T 

< ★ — — , a >=< — r>* a > 
r! r! 



=< -T' ^ H) 2 (n-i k -k)! > 

k>max( 2r+ P- n ,0) 



«k 



k>max( 2T+ |- n ,0) 



> 



By primitivity, L n - 2r -P +2k+1 a k = 0, and L n_ ? +1 T = 0. It follows that 

(5.3) < L r T, L n - 2T -P +k a k >= 0, V k ^ r. 

Consequently we have that 

L T T L r T , L n -P- T a r 

<*—, a >=<—, -! 2 -> 

r! r! (u — p — rj! 

, ... pfp+n L n -P- r T L r a r 

=<(-1) 2 7 77,— 7-> 

[n — p — rj! r! 
n — p — rj! f— k! 

k>max( 2r+ ]T n ,0) 

, ,., p(p+d L n -P- r T 
(n-p-rj! 

This completes the proof of Lemma IBTTl 

□ 



5.2. SI2 module structure on the space of real flat chains. 

In this section, we prove that on a symplectic manifold the space of 
real flat chains inherits a SI2 submodule structure from the canonical SI2- 
module structure on 05 ' that we discussed in Section 15.11 To set up the 
stage, we first clarify the notion of an oriented parallelepiped in an Eu- 
clidean space M m . In the symplectic setting, it will be much easier to see 
how the Lefschetz map L and the dual Lefschetz map A act on an oriented 
parallelepiped. In this section, we deal almost exclusively with oriented 
parallelepipeds in R 2n with the standard symplectic structure, except for 
our treatment of the elementary result stated in Lemma I5T81 
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Let V be a k dimensional subspace of M m , and u a point in IR m . A k 
dimensional oriented parallelepiped P in the affine space u + V consists of 
an ordered basis {e\ , • • ■ , e k } in V, a set of the form 

(5.4) u + Oc^H hx k e k , ai < xi < b l5 ■ ■ ■ , a k < x k < b k }, 

and an orientation induced by either ei A • • • e k or — ei A • • • A e k . Here we 
assume that a\ < b{, i = 1 , • • • , k. 

It is clear that any oriented parallelepiped P generated a compactly sup- 
ported current in QS'i (M m ) in a canonical way. If P is supported inside an 
open set W in R m , its canonical current can also be regarded as an element 
in 03 'i (W). Throughout the rest of this paper, when we refer to an oriented 
parallelepiped, we mean the canonical current generated by it. It will be 
clear from the context in which topological vector space this canonical cur- 
rent lives. 

Observe that an oriented parallelepiped is uniquely determined by its 
support and orientation. To simplify the notation, we use the following 
convention in this paper. If the support of P is given as in Equation l5.4l and 
if P has the same orientation as ei A • • • A e k , then we simply write 

(5.5) P = u + [a] , b] ] x • • • x [a k , b k ] x O m _ k ; 
if P has the opposite orientation, we write 

(5.6) ? = u-[a u b ] ] x ■ ■ ■ x [a k , b k ] x O m _ k . 

Here O m _ k = (0, • • • ,0); moreover, we implicitly extend {ei , • • • , e k } to a 

m— k 

full ordered basis {ei , • • • , e m } in M. m , and use it to identify M. m with Rx-xR 

m 

When we are using notations in Equation 15.51 and Equation 15.61 in this pa- 
per, it will be clear from the context if we are referring to an oriented paral- 
lelepiped or its support. 

Let P be an oriented parallelepiped that is supported on a set given in 
Equation 15.41 We make two simple observations. First, the mass M(P) 
coincides with the Hausdorff measure 7-L n [P). Therefore M(P) is a non-zero 
constant multiple of (bi — ai ) • • • (b k — a k ) with the constant depending 
only on the Euclidean norm of the basis vector {ei , • • • , e k } in V C M m . 
Second, if we denote by ||ei|| the Euclidean norm of e\ with respect to the 
standard inner product in M m , then the diameter of the support of P is at 
mostmaxi<i< k {k • |ch — bi| • ||ei||}. 

The support of an oriented parallelepiped along with all its faces form 
a rectilinear cell complex as defined in [M66, Defintion 7.6]. Hence it ad- 
mits a simplicial subdivision, cf. [M66, Lemma 7.6]. Orient each simplex in 
the simplicial subdivision with the orientation inherited from the oriented 
parallelepiped. Then the oriented parallelepiped can be naturally identi- 
fied with a polyhedral chain in M m . More generally, a polyhedral chain 
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in M m is called a polyhedral chain of oriented parallelepiped if it admits a 
representation as a finite linear combination of oriented parallelepipeds. 

Lemma 5.8. Let a = [vo,v-|, • • • ,v p ] be a y-simplex in ~R m . Then there exists a 
sequence of polyhedral chains of oriented parallelepipeds {T|J that converges to a 
in 03 {; moreover, all the supports of{\} are contained in that of cr. 

Proof. Without the loss of generality, we assume that cr lies on a p-dimensional 
subspace V of M. m , and use the edge vectors {ei := Vi — vo, • • • , e p := v p — vo} 
to identify V with W> = W x {(0, • • • , 0)} C M m . Note that for any fixed 

m— p 

positive integer k, we can decompose M? into the union of the collection of 

the supports of all oriented parallelepipeds of the following form 

(5.7) 

r U U + 1 n r h> + , s -m C * 5" 

[ai + 2k,ai+— j^— ]x---x[ap+^,a p +-i^— ], (ai,--- , a p ) G Z v = Z x • • • x Z . 



Here for any 1 < j < p, v. runs over all integer points between 1 and 
2 k — 1 . Let D]< be the collection of all such oriented parallelepipeds given in 
Equation 15.71 whose supports are contained in that of cr. By our convention, 
each oriented parallelepiped in is equipped with an orientation induced 
by the multi-vector e-\ A • • • A e p . Let be the sum of all oriented paral- 
lelepipeds in Dfc. By construction, all the supports of are contained in 
that of a. It suffices to show that {T^} converges to cr with respect to the flat 
norm. 

Let Bd(cr) be the boundary of cr. For any small positive number r > 0, set 

A T = {x € a, the distance from x to Bd(cr) < r}. 

Denote by \x the Lebesgue measure in W. Since Bd(c) is of Lebesgue mea- 
sure zero in M. v , it is easy to see that for any e > 0, there exists r > such 
that |J.(A r ) < e. We further claim that there exists an integer N > 0, such 
that 

supper \ [J suppP C A T , Vk>N. 

Note that if a point x e cr lies in an oriented parallelepiped P of the 
form given in Equation 15.71 and if P is not supported inside supp cr, then 
P will intersect the boundary of a. However, the distance between any 

two points in P is at most maxi<i< p {^-||ei||}. Therefore there must exist an 

integer N > such that for any k > N, the distance from x to Bd(cr) is less 
than r. This proves the claim. 

Therefore, for any k > N, we have that 

||cr-T k || fa <M(cr-T k ) < li(A t ) < e 

This completes the proof. 

□ 
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Throughout the rest of this section, we assume that M 2n is equipped with 
the standard symplectic structure 

wo = Y_ dxi A dx n+ i, 
i=i 

where {xi , • ■ • , x 2n } are the standard Darboux coordinates. For any 1 < i < 

3 7 

In, we will denote by 3t the vector field — on R . 

3xi 

Without the loss of generality, we may assume that an arbitrarily given 
p dimensional oriented parallelepiped P is supported on a set of the form 

(5.8) u + {ai < X] < b] , • • • , a p < x p < b p , x p+ i = x p+2 = • • • = x 2n = 0}, 

where u € M m ,di < bi, i = 1 , • • • , p. Given such an oriented parallelepiped, 
using the convention we explained preceding the proof of Lemma 15.81 we 
simply write 

P =u+ [ai,bi] x ••• x [dp, bp] x 2n -p 
if it has an orientation given by the multi-vector 3i A • • • A 3 p ; and we write 

P = u- [a-|,bi] x • • • x [a p , bp] x 2n _ p 

if it has an opposite orientation. 

Lemma 5.9. Let Bbea symplectic ball in R 2n with the standard symplectic struc- 

n 

ture tuo = dx 2 i_i A dx 2 t, and let Pbeav dimensional oriented parallelepiped. 

i=l 

Then for any 1 < i < n there exists a sequence of (p — 2)-dimensional polyhedral 
chains of oriented parallelepipeds {\} in B such that 

(dx 2i _! A dx 2i ) A P = lim T k in SSj; 

k— >oo 

moreover, we have that 

supp Tk C supp P, V k > 1 . 

Proof. To simplify notations, we assume P is an oriented parallelepiped 
supported on a set as given in Equation 15.81 with u being the origin of M 2n . 
Without the loss of generality, we assume that P has an orientation induced 
by that of the multi- vector 3i A • • • A 3 p . We write the current P as follows. 

(5.9) x (P)S(xp +1 ) • • • 6(x 2n )dx p+1 A • • • A dx 2n , 

where x(P) is the characteristic function of P in the the variable x,, 1 < j < 
p, 6(xj ) is the Dirac delta function in variables Xj, j > p, at Xj = 0. 

Let r = [^] be the greatest integer less than or equal to \. We see imme- 
diately that to prove Lemma I5T91 it suffices to show that for 1 < i < r, there 
exists a sequence of (p — 2) -dimensional polyhedral chains of oriented par- 
allelepipeds Ok} that converges to (dx 2 ^_i A dx 2 A P in QSj. As the proof 
for each i is identical, we shall only prove the case i = 1 . 
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For any positive integer k > 1 , and any 1 < i, j < k, set a° = ai , a° = a 2 , 
and define 

a) = ai + -(bi - ai), a\ = a 2 + ^(b 2 - a 2 ), 

Pij = [a] -1 , a]] x [a 2 ~\a 2 ] x [a 3 ,b 3 ] x • • • x [a p ,b p ] x 2n _ k , 

T k = Y_ ^2 ({( a i»4W x [ a 3> b 3] x • • • x [a p ,b p ] x 2n _ p 

i,j=1 

Note that all the supports of T k are contained in the support of P by con- 
struction. To prove Lemma 15^91 by Theorem l3.13l it suffices to show that {T k } 
converges to dxi A dx 2 A P with respect to the flat norm. 
It is easy to see that in this context we have that 

k k 

m(p) = w(?) = y_ ^ P ( p ij) = Y- M(Pi ' ] - 

For any 1 < i, j < k, define the map 7T« as follows. 

Ttij : M 2n = R 2 x M 2n ~ 2 -> M 2n = R 2 x M 2n ~ 2 
(xi,x 2 ,x 3 ,---x 2n ) h-> (ai,a 2 ,x 3 ,--- ,x 2n ). 

Then for any (p — 2)-form ij) € F V ~ 2 (B), a direct calculation shows that 

k 

T k (4>) = Y_ Pij(dx, Adx 2 A^ct)). 

y=i 

Consequently we have that 

\(&yi AdyzAPj^J-Tic^l 

k 

= | Y_ ( p ij ( dx i A dx 2 A 4>) - Pij (dx! A dx 2 A 7^4))) I 
y=i 

k 

<5jPij(dxiAdx2A(4>-7$jC|>))| 

k 

< Y_ M ( p ij) • li dx i A dx 2 A (4> — <j4))||S ( By Lemma 1531) 

y=i 

< Y_ ^MIP^IMIe, < £m(P)||<|)|| 6 . 

y=i 

Here C is a constant that depends only on the Euclidean norm of the stan- 
dard symplectic basis in R 2n . It follows that 

||(dx! Adx 2 AP)-T k || b <£m(P). 

k 



37 



This completes the proof of Lemma |5U1 

□ 

Lemma 5.10. Let B be a symplectic ball in R 2n with the standard symplectic 

n 

structure cvq = ^ dx 2 ^_i A dx 2 ^. Let P be a p dimensional oriented paral- 

i=1 

lelepiped. Then for any 1 < i < n, and any open set U D supp?, there exists a 
sequence of (p + 2) -dimensional polyhedral chains of oriented parallelepipeds {T k } 
in B such that 

La 2i i-3 2i _,P = lim T k m<Bj, 

k— >oo 

and such that 

supp \ c U, Vk > 1. 

Proof. We assume that the oriented parallelepiped P has the same form as 
in the proof of Lemma 15.101 In view of Equation 15.91 to prove the first 
assertion in Lemma [5. 101 it suffices to prove that for any r with 2r — 1 > p, 
there is a sequence of (p + 2) -dimensional polyhedral chains of oriented 
parallelepipeds {T k } in B that converges to i3 2r i3 2r _, P in Now define 

T k = k 2 P x [0, -] x [0, -] x 2n _ p _ 2 . 

Here the first copy of [0, — ] sits inside the (2r — 1 )-th component of M. 2n = 

k 

R x ^ ■ ■ R , and the second copy sits inside the (2r)-th component. It is clear 

2n 

that for any open subset U of B that contains supp P, supp T k c U except 
for finitely many k. So after reindexing the first few initial terms, we have 
that supp T k C U for any k. 
Consider the map 

7T k :IRP x ([0, ~] x [0, -]) -^R 2n , 

(*!,••• ,Xp,X 2T _l,X 2T ) ^ (x 1r -- ,Xp K 0,-- - )0J - 

2n— p 

For any (p + 2)-form <}) € F V+2 (B), a direct calculation shows that 

(i 82T ia 2T _ 1 P)(4>)=Tic«(t>). 

Therefore we have that 

Km^r-iPX*) = |T k K4) -4))| 

< M(Tic) ■ - cj>|& 

< ^M(Tk) • ||4>||b. 

It follows that 

K.^P-TkHb < ^M(T k ) < ^M(P). 
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Here C is a constant that may depend on the choice of a complement 
to W in M. , and the choice of a basis in the complement. But it does not 
depend on k. Let k — > oo we get that ||ig 2r La 2r _ 1 P — W\b — > 0. This finishes 
the proof of Lemma [5.101 

□ 

Lemma 5.11. Let B be a symplectic ball in M 2n with the standard symplectic 
structure, and a a p-simplex in B. Let L and A be the Lefschetz map and the dual 
Lefschetz map as given in Definition 15. 1 1 respectively. Then 

a) there exists a sequence of polyhedral (p — 2)-chains {Tk} in B that con- 
verges to La in 25 \ and that satisfies 

supp Tk c supp a, V k; 

b) for any open set U D supp a, £/zere exzs£s a sequence of polyhedral (p+2)- 
chains {Qk} B i/zfl£ converges to Act m 25 j and i/zaf satisfies 

supp Q k c U, V k. 

Proof. Lemma fe-lll is an easy consequence of Lemma l5T8l Lemma l5T9l Lemma 
I5l0land Corollary l3l4l 

□ 

Theorem 5.12. Let (M, to) be a 2n dimensional symplectic manifold. Let L and 
A be the Lefschetz map and the dual Lefschetz map as given in Definition 15.11 
respectively, and let T be aflat chain in J^(M.). Then we have that 

HT = (n — i)T, LT e 7" i+2 , AT e 

As a result, T is a sLi sub-module of the space of compactly supported currents 
with the canonical sV^-module structure that we discussed in Section l57L\ 

Proof. The first assertion HT = (n — i)T is trivially true. Since T is a flat 
chain on M, there is a sequence of finite chains {Tk} that converges to T in 
03 'i . By Lemma 15.111 it is easy to see that for any k, both LTk and ATk are 
flat chains on M. It follows immediately from Corollary I4.13l that LT € J 7 ^ 2 
and that AT e T 1 ' 1 . □ 

On a 2n dimensional symplectic manifold, a real flat chain T of degree i 
is said to be primitive if it is a primitive current as given in Definition 15.11 
i.e., L n ~ 1+1 T = 0. In view of Proposition 15.31 T is primitive if and only if 
AT = 0. We say that T is symplectic Harmonic if and only if dT = d A T = 0. 
Similar to Proposition l5.ll we have the following result. 

Corollary 5.13. Let (M, to) be a 2n dimensional symplectic manifold. We have 
the following results. 

1) 

is an isomorphism for any < k < n. 
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2) Any Tg J k admits a unique Lefschetz decomposition as follows. 
(5.10) T= Y_ VJ ^ 



' k— n 

- 2 



w/zere T k _2 T * s fl primitive flat chain of degree k — 2r. 

For any < k < n, let Pp be the space of primitive flat chains of degree 
k. The argument used in the proof of Lemma 12.31 extends to the present 
situation and gives us the next result, cf. [TY09, Lemma 2.4]. 

Lemma 5.14. Let T s Pp with. < k < n. The action of the differential operators 
(d, d A , dd A ) on T has the following form: 

1) if k < n, then da = A k+1 + LA^-i," 

2) d A a = -HA k _, = -(n - i + 1 )A k _ i; 

3) ifk < n, then dd A a = n ~ k - d A A k+ i . 

Here A k _i , A k+ i G Pp are primitive flat chains. 



6. The symplectic adjoint operator and primitive flat chains 
6.1. Dual description of the symplectic adjoint operator. 

In this section, we prove that if T is a real flat chain in a symplectic man- 
ifold M, then both *T and d A T are real flat chains in M. 

Theorem 6.1. Let (M, w) be a 2n dimensional symplectic manifold, and T e . 
Then we have that *T e j" 2n -p . 

Proof. Lefschetz decompose T as follows. 

T = V V Tp ~ 2r 

r > max (E^l,0) 

where T p _2r is a primitive flat chain of degree p — 2r. By Lemma 15.71 we 
have that 

*t = y L n -? +i - Tp ~ 2r - . 

n-p + r! 

T >max(E^.,0) 

It follows immediately from Theorem [5T2] that *T G J 7211- ?. 

□ 

The following result is an immediate consequence of Theorem |6.1| 

Theorem 6.2. Let (M, w) be a 2n dimensional symplectic manifold, and T e J 7 ?. 
Then we have that d A T e J 7 ? -1 . 

It may be instructive to see how the Hodge star act on an oriented par- 
allelepiped directly. We present a concrete example below, in which we 
compute the Hodge star of a co-isotropic oriented parallelepiped. 
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Example 6.3. Consider M. 4 with the standard symplectic structure cu = 
dxi A dx 2 + dx3 A dx4. Here {xi , X2, X3, X4} are the standard Darboux coordi- 
nates onR 4 5KxlxlxR. Let P be an oriented isotropic parallelepiped 
in M 4 given as follows. 

P = [a 1 ,b 1 ] x [a 2 ,b 2 ] x [a 3 ,b 3 ] x {0}. 

By the convention we explained in Section \52\ P is equipped with an ori- 
entation induced by the 3-vector 

— A — A — 
3xi 3*2 3*3 ' 

We explain that *P must be the limit of a sequence of isotropic polyhedral 
chains in 55 '1 {M. 4 }. We first write the current P as follows. 

P= X (P)5(x 4 )dx4. 

Here x(P) is the characteristic function of P in the variables Xi,x 2/ X3, 6(x4) 
is the Dirac delta function in the variable X4 at X4 = 0. We have that 

*P = x (P)6(x 4 )dx 1 A dx 2 A dx 4 . 

For any k > 1 , 1 < i, j < k, let 

a) = cm + -(bi - ai),a 2 = a 2 + ^(b 2 - a 2 ), 
and let T^j be the isotropic oriented parallelepiped given by 

{(a},a 2 )}x [a 3 ,b 3 ] x{0} 

Define 

1 k 

Then for any k, is an isotropic polyhedral chain. A calculation similar to 
the one given in the proof of Lemma I5.9I shows that {TjJ converges to T in 

Remark 6.4. A similar construction applies to any arbitrarily given co- 
isotropic oriented parallelepiped in M 2n . Indeed, it can be shown that the 
Hodge star of any co-isotropic oriented parallelepiped in R 2n is the limit 
of a sequence of isotropic polyhedral chains. The difficulties are only no- 
tational. In Section I6.7[ we are going to prove that a primitive flat chain 
of positive degree must be the limit of a sequence of co-isotropic chains 
in 53 V Combining this result with the method we explained in Example 
I6.31 it is not hard to show that on a symplectic manifold M, the Hodge star 
of a primitive flat chain with positive degree is the limit of a sequence of 
isotropic finite chains in 53 '1 . 
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2) A(x) 



6.2. Geometric interpretation of primitive flat chains. 

In this section, we prove that on a symplectic manifold M, for any prim- 
itive real flat chain T of positive degree in M, there exists a sequence of 
co-isotropic finite chains that converges to T in QS'i (M). We begin with a 
simple technical lemma that we need in this section. 

Lemma 6.5. Suppose that U and V are two non-empty open sets in M. m with 
V C U and V being compact. Then there exist constants m r/ r = 1 , 2, 3, • • • , 
depending only on the diameter ofW, and a function A such that 

1) < A < 1; 

fl ifxeV, 
[0 i/xeR m \U; 

3) V multi-index j with |j| = r, Vx & M. m , we have that |D'A(x)| < m r/ 
where the notation D' is used in the sense explained in the paragraph 
below Equation (12.91 ). 

Proof. Only the last condition imposed on A requires some explanation. It 
is explained in IIR731 ch. 1.42] how to construct such a cut-off function on 
the real line. Using the argument in HCCL94II it is easy to extend it to the 
case for R m . 

□ 

Lemma 6.6. Let Bbea symplectic ball in R 2n with the standard symplectic struc- 
ture tuo = HiLi dx2i-i A dx2i., and let T be a primitive flat chain in JT(B) with 
1 < p < ti. Then there exists a sequence of co-isotropic polyhedral chains {"fjj that 
converges to T in 5B{(B). 

Proof. By Lemma l4~6l there exists a sequence of (2n — k) dimensional poly- 
hedral chains {Qk} in B that converges to T; moreover, all the supports of 
Qk are contained in a single compact set in B. For each k, we write 



(6.1) Qk = Y_ a tt a w> 

i 

where Oki's are (2n — p)-simplices in B, and aki's are non-zero real scalars. 
Using Lemma I3.2[ we assume here that if cr^i H °"kj 7^ and if i ^ j, then 
o"ki H (Tkj is a common proper subface of both Gki and Gkj • 

If p = 1, then for dimensional reasons {Qk} itself is a sequence of co- 
isotropic polyhedral chains that converges to T. So we may assume that 
p>2. 

For each k > 1, Let g\i > ■ ■ ■ > Cki k be all the co-isotropic (2n — p)-simplices 
appeared on the right hand side of Equation 16.11 and let cr k ( ik+1 ), • • • , akq k 
be all the (2n — p)-simplices appeared on the right hand side of Equation 
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16. II which are not co-isotropic. Set 

i-k ik+qk 

Tk = Y_ a M-°lei> \= a lci CT lci- 

i=1 i=iic+1 

To prove Lemma I631 by Theorem 13.131 it suffices to prove that con- 
verges to 0. 

We first note that each Tk is primitive, i.e., o>q~ p+1 A Tk = 0. Moreover, 
since for any fixed k and any ik + 1 < i < ik + qk/ ow. is not co-isotropic, the 
restriction of uJq p+1 to the interior of o"ki is nowhere vanishing. Therefore 
there exists a (p — 2)-form «ki on B of the form cdx^ A • • • A dx^_ 2 , where 
1 < li < I2 • • • < lp_2 < 2n and c is a constant which depends only on the 
Euclidean norm of the standard symplectic basis in R 2n , such that 



(6.2) dki 



cu£- p+1 Acxki = |akil^ p (cTk i ), 

°ki 



where W is the p-dimensional Hausdorff measure on M. 2n . 

For any k and ik + 1 < i < ik + qk, choose two open sets Vkt and Ukt in 
B with Vkt C Ukt and being compact, such that 

1) W(suppaki\Vki) < 1 



q k 2M^|a ij |)' 



2) U w n U ks = if i k + 1 < s ^ I < q k . 

For each i and k, choose a cut-off function < pki < 1 such that pki = 1 on 
Vkt and pki = outside Uki, and such that it also satisfies the third condition 
imposed in Lemma 1631 Set 



ik+qk 



Pk = Y. PkiUJ P+1 A ^U- 
i=i k +l 

Then it follows from Lemma 1631 that {|3k} is a bounded subset in *Bi (B). 
Since {Qj} converges to T, V e > 0, there exists Ni such that 



i-k+qk 

IQjOk) -T((3 k )| = |t}( Y_ Pki< _p+1 A«ki)l< |, Vj>N b Vlc>1. 

i=i k +i 

Here we use the fact that T is primitive and each Tj is also primitive. In 
particular, we have that 

ij+qj 

(6.3) I Y_ a^dp^-^ A aji)| < -, Vj > N,. 
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However, by Equation l6.2l for any i > ij, ajiCTji(pjitUQ p+ A ajO > 0. It then 
follows from Equation l6.3l that 

(6.4) Y. l<W(Pji<"^ +1 A«ji)|< - 

i=ij+l 

Note that for each fixed i > ij, a simple calculation shows that 

|ajiCTji(Pjia>Q~ p+1 A ocjt) - a ji a ji (a)Q _p+1 A ocjOl 
< Idjtl-^fsuppajtXVjO < -^r. 
It follows that 

(6.5) 21 l a ji°"ii(Pji cu o _P+1 A - a- ji cTj i (aJo _p+1 A a jt )| < — y 

i=ij+l 

1 e 

Choose an integer N > Ni such that Vj > N, < -. ThenVj > N, 
M(f,)= £ a ji a ji «- p+1 A a,0 

< ^ [aj i a ji (pj i a)o _p+1 A a n ) - ajiCTji(tUo~ p+1 A tXji)| 

t=ij+l 

lj+qj 1 e 

+ Y_ la^dp^o P+1 A < J] + 2 < 6 

i=4j+1 

This finishes the proof of our claim. Since by Lemma 1531 IITjllh < M(Tj), 
Lemma [631 follows immediately. 

□ 

Theorem 6.7. Let (M, cu) be a 2n dimensional symplectic manifold, and T a 
primitive real flat chain in J^fM), 1 < i < n. Then there exists a sequence of 
finite co-isotropic chains {T]J that converges to T in 53 ( (M). 

Proof. Theorem 16.71 follows immediately from Theorem 14.121 and Lemma 

EH 

□ 

7. THE SYMPLECTIC dd A -LEMMA AND THE POINCARE DUALITY 

7.1. The symplectic dd A -lemma. 
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In this section, assuming that the symplectic manifold (M, cu) is compact 
and satisfies the Hard Lefschetz property, we establish the symplectic dd A - 
lemma for the De Rham complex of real flat chains. We follow the argument 
used in [GuiOlJ to prove the symplectic dd A -lemma for differential forms, 
but have it simplified somehow using a result in [Ca05] . 

Lemma 7.1. Assume that (M, cu) is a compact 2n dimensional symplectic mani- 
fold. Then there is a natural six-module isomorphism 

(7.1) H*(M) = H*LF,d). 

Moreover, if (M, cu) satisfies the Hard Lefschetz property, then for any < k < 
n, the Lefschetz map 

L n - k : H k (7\ d) -> H 2n - k (j; d), [T] ^ cu n ~ k A [T], 

is an isomorphism. 

Proof. Since M is compact, by Theorem l2. 151 there is a natural isomorphism 

(7.2) H(M) = H _0O (M). 

By Theorem l4.16l there is another natural isomorphism 

(7.3) H -00 (M) sH(J,d). 

It is easy to see that these two isomorphisms are isomorphisms of sL:- 
modules. Lemma [7J] follows immediately. □ 

Lemma 7.2. Assume that (M, cu) is a compact symplectic manifold with the Hard 
Lefschetz property, and T£ JPfM). Consider the Lefschetz decomposition of J in 
Equation \5.1\ If J is Harmonic and d exact, then each T r is d-exact. 

Proof. Write 

T = £ UT T , 

r>max(E=H,0) 

where T r is a primitive flat chain in T?~ ly . By Lemma |5.6[ each T T is a 
closed current and so represents a cohomology class in H p_2r (J r , d). Note 
that T q+ i = is d-exact. Let us assume by induction that T r is d-exact for 
r > k and conclude that is d-exact. By the induction hypothesis, 

T' = T-^L T T r = £L r T T 

r>k r<k 

is d-exact. Applying L n ~f +k we get from the above identity that 

^n-p+ky/ _ j_n-p+2kj^ _|_ ^~ jji-(p-2r)+(k-r) 

r<k 

Since T r is a primitive flat chain with degree p — 2r, we have that 

L n-(p-2r)+(k-r) Tr = ^ Vr < k _ 
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It follows that 

(7.4) L n-p+k T / = L n-p+2k Tk _ 

The left hand side of Equation 17.41 is d-exact. It follows from Lemma 17.11 
that \ is d-exact as well. 

□ 

If T G is Harmonic and d-exact, it then follows easily from Lemma 
17.21 and the Weil's identity that *T must be d-exact as well. This proves the 
netx result. 

Lemma 7.3. IfT^T^is Harmonic and d-exact, then it is d A -exact. 

In order to prove Theorem 17.51 we also need the following result. 

Lemma 7.4. IfT € is Harmonic and d A -exact, then it must be d-exact. 

Proof. If T € T^ 1 is Harmonic and d A -exact, then *T is Harmonic and d 
exact. It follows that *T must be d A -exact. Therefore T must be d-exact. □ 

Theorem 7.5. Assume that (M, w) is a compact symplectic manifold with the 
Hard Lefschetz property. The following symplectic dd A -lemma holds in the space 
of real flat chains. 

ker d n imd A = ker d A n imd = im dd A . 

Proof. The algebraic proof used in HCa05l Theorem 4.3] carries over to the 
present situation verbatim. □ 

7.2. Duality between primitive homology and cohomology. 

In this section, we establish the Poincare duality between the primitive 
homology and cohomology. First, we use primitive flat chains to modify 
the definition of primitive homology as given in Equation [L4l 

Definition 7.6. Let (M, w] be a symplectic manifold of dimension 2n. For any 
n < i < 2n, define 

(7.5) Ct(M) ={Tg F 2n -\ T is primitive, and d A T = 0}. 

For any n < i < 2n— 1 , we define the i-th primitive homology PHi ( M) as follows. 

/cer3nCi(M) 



PHi(M) 



imd(C w (M))' 



We recall that a real flat chain T in F ln 1 is primitive if and only if 
L i-n+i T = o or equivalently AT = 0. 

Lemma 7.7. The primitive homology PHi(M) is well defined. That is to say, if 
T G Ci(M.) for some n + 1 < i < 2u, then 3T G Q ! (M). 
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Proof. By definition we have that AT = d A T = 0. It then follows from 
the commutator relation [d, A] = d A that AdT = 0. This proves that dT is 
primitive. Hence 3T must also be primitive. Since d anti-commutes with 
d A , dT is also d A -closed. Therefore 3T is also d A -closed. □ 

Remark 7.8. 1) For a polyhedral chain T, the conditions used in Equa- 
tion |7.5| is equivalent to that both T and 3T are co-isotropic. We refer 
to IITY091 Sec. 4.1] for an explanation. 

2) Assume that T is a flat chain in Ci(M). By Theorem 16. 7[ if n < i < 
2n — 1 , then there exists a sequence of finite co-isotropic i-chains 
that converges to T in 53 'i (M); moreover, if u < i < 2n — 1, then 
there also exists a sequence of finite co-isotropic (t — 1 ) -chains that 
converges to 3T in (M). 

3) In view of the definition of primitive homology given in Equation 
11.41 it may be interesting to ask if any primitive flat chains in C* (M) 
can be approximated by a sequence of finite co-isotropic chains 
which have co-isotropic boundaries, or equivalently by a sequence 
of finite co-isotropic chains which are d A -closed. We do not have 
an answer to this question, and we think that it may be too good to 
be true. 

Definition 7.9. Let (M, tu) be a symplectic manifold of dimension 2n. For any 
< i < n, define 

C i (M)={Te T\ T is primitive, and d A T = 0}. 

For any 1 < i < n, define the i-th primitive cohomology PH^ A (C*, d) to be 

ferdnC^M) 
imdlO-HM))' 

Theorem 7.10. Let (M, tu) be a 2n dimensional compact symplectic manifold 
with the Hard Lefschetz property. Then for any < i < n, there is a natural 
isomorphism 

PH l (M) =PH x dA (C*,d). 

In particular, any primitive cohomology class in PH l (M) is represented by a sym- 
plectic Harmonic primitive flat chain in J^IM). 

Proof. For any < i < n, set 

PH\F> d) = ker (L n - i+1 : H l («F, d) -> H 2n - 1+2 (.F, d)). 

It follows easily from Lemma [7Tl that there is a natural isomorphism 

(7.6) PH^J", d) = PH i (M). 

Using the symplectic dd A -lemma established in Theorem 17.51 the same 
argument as we gave in the proof of Proposition 12.71 shows that there is a 
natural isomorphism 

(7.7) PrT dA (C*,d) = PH l (7-,d). 
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Combining the isomorphism 07.61 ) and the isomorphism A7.7D , we get a nat- 
ural isomorphism 

PH l dA (C*,d) ^PHHM). 

□ 

We are ready to prove the Poincare duality between the primitive coho- 
mology and the primitive homology. 

Theorem 7.11. (Poincare Duality) Assume that (M, w) is a compact 2n di- 
mensional symplectic manifold with the Hard Lefschetz property. Then for any 
< i < n, there is a natural isomorphism 

PH 2n -i(M) = PH l (M). 

Proof. It is clear by definition that there is a natural isomorphism 

PH 2n _i(M)=PH x dA (C*,d). 

Theorem 17. 1 1 1 follows immediately from Theorem l7.10l 

□ 

The following result is important in the proof of Theorem ll.il 

Corollary 7.12. Assume that (M, w) is a compact symplectic manifold with 
the Hard Lefschetz property. Then every primitive cohomology class with degree 
greater than zero is represented by a primitive symplectic Harmonic form which is 
not supported everywhere on the entire manifold M. 

Proof. By Theorem 17.101 every primitive cohomology class of degree k is 
represented by a closed primitive current T of degree k. By Theorem 16.71 
there exists a sequence of finite chains {TJ of dimension 2n — k that con- 
verges to T in QSj. When k > 0, by the Baire category theorem, the comple- 
ment of Uk supp Tc forms an open and dense subset of M. Since we have 
that supp T c Ut supp T^, it follows that supp T can not be supported on 
the entire manifold M. Now the assertion of Corollary 17.121 follows from 
Theorem l2.9l 

□ 

We now use the main results established in this section to investigate 
the following complex of primitive differential forms on a 2n dimensional 
symplectic manifold (M, cu) introduced in flTYlOfl . 

(7. 8) o^p'^p^p- 1 i^...i^ P i i^poi^o. 

Here P k is the space of d A -closed primitive k-forms, and P k is the space of 
primitive k-forms. For any < k < n, denote by PH k A (M) the k-th coho- 
mology of the complex (|7.8|) . Due to the commutator relation [d A , A] = 0, 
d A must map primitive forms to primitive forms. So the differential com- 
plex (|7.8[) is well-defined. 
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Now for any < k < n, consider the natural inclusion map 

(7.9) P' k -» P k . 

Proposition 7.13. Let (M, co) be a compact In dimensional symplectic manifold 
with the Hard Lefschetz property. Then for any < k < n, the inclusion map 
( 17.9P induces the following isomorphism of cohomologies. 

(7.10) PH^(M) — > PH^ A (M). 

Proof Suppose that a = d|3 € P' k for some (k — 1 )-form |3 G P k_l . Then a 
is both d-exact and d A -closed. It follows form Theorem l2.5l that there exists 
a k-form (p such that a = dd A (p. Since a is primitive, by Lemma IZ6l we can 
assume that <p is a primitive k-form. By Lemma |23l dd A cp = d^n for some 
primitive form r\. This proves that the homomorphism (|7.10|l induced by 
the inclusion map (|7.9|) is well-defined. 

Let a € P k be a representative of a cohomology class in PH^(M) such 
that a is d A -exact. So a is both d A -exact and d-closed. By Theorem 12.51 
there exists a k-form y such that a = dd A y. By Lemma l2!6l we can assume 
that y is a primitive k-form. Since d A y is also primitive, a must represent a 
trivial cohomology class in PH^(M). This proves that the homomorphism 
(|7.10|) is injective. 

Now let (3 be a representative of a cohomology class in PH k A (M). By def- 
inition, d A (3 =0. Since d anti-commutes with d A , d(3 is both d A -closed and 
d-exact. By Theorem l2.5[ there exists a (k + 1 )-form n such that d(3 = dd A r|. 
Since (3 is d A -closed and since d A = [d, A], we have that Ad(3 = 0. It follows 
that d(3 is also a primitive form. By Lemma 1231 we can assume that n is a 
primitive (k + 1 )-form. As a result, d A n must also be primitive. Note that 
d((3 - d A rj) = 0. We conclude that (3 - d A n is a symplectic Harmonic primi- 
tive k-form which represents the same cohomology class as (3 in PH k A (M). 
This proves that the homomorphism \7.\Q) is also surjective. 

□ 

For any < k < n, let P k be the space of primitive flat chains of degree 
k, and let C k be the space of d A -closed primitive flat chains of degree k as 
given in Definition l7.9l Consider the following differential complex. 

(7.11) 0^C n AP^ P^ 1 ^ • • • ^ ?\ ^ ?° f ^ 0. 

For any < k < n, denote by PH k A (J^M)) the k-th cohomology of the 
complex (|7.11[) . Now consider the inclusion map 

(7.12) C k -> P k , 
where < k < n. 

In view of the symplectic dd A -lemma established in Theorem [73J an ar- 
gument similar to the one used in the proof of Proposition ^. 131 gives us the 
following result. 
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Proposition 7.14. Let (M, cu) fee a compact symplectic manifold with the Hard 
Lefschetz property. Then for any < k < u, the inclusion map i7.12t induces the 
following isomorphism of cohomologies. 

(7.13) PH d A(C*,dMPH^ A (7-(M)) 

The following result asserts that every cohomology class in PH* A (M) can 
be represented by a d A -closed primitive real flat chain. 

Theorem 7.15. Let (M, cu) be a compact symplectic manifold with the Hard Lef- 
schetz property. Then for any < k < n, there is a natural isomorphism 

PH^ A (M) = PH^(M)). 

Proof. Theorem l7.15l is an immediate consequence of Proposition l2.7l Propo- 
sition I7TT31 Proposition l7.14[ and Theorem l7.10l 

□ 

Remark 7.16. 1) In HTY10H . PH* A (M) is defined using the so called 3_ 
differential operator on a symplectic manifold M. However, when 
acing on primitive forms of a given degree, 3_ differs from d A only 
by a multiple of a non-zero constant. 
2) Let (M, cu) be a compact symplectic manifold with the Hard Lef- 
schetz property. A result similar to Theorem [7T5] also holds for the 
primitive cohomology PHg + (M) introduced in flTYlOfl . 

8. Symplectic Harmonic representatives of Thom classes 



In this section, we establish Theorem 11.11 and provide an answer to the 
question asked by Victor Guillemin. 

Lemma 8.1. Let (M, cu) be a compact 2n dimensional symplectic manifold, N an 
oriented compact isotropic submanifold ofM, and [t>j] the Thom class o/N. Then 
[cu A t n ] = 0. 

Proof. Without the loss of generality, we may assume that codim N < 2. 
Since N is an isotropic submanifold of M, cu |n= 0. Now for any close form 
(3 of degree dim N — 2, we have 

(3AcuAt n = |3Acu = 0. 
m Jn 
It then follows from the Poincare duality that [cu A tn] =0. 

□ 

Lemma 8.2. Let (M, cu) be a In-dimensional symplectic manifold with the Hard 
Lefschetz property. Let N be a compact oriented isotropic submanifold of M with 
codimension k, and [tn] the Thom class o/N. Then there exist a closed primitive 
k-form ak, such that 

[tn] = L n - k [a k ]. 
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Proof. Due to the Lefschetz decomposition 02.81 ) , Tn is cohomologous to the 
following form 

L n - k <x k + L n - k+1 A a k _ 2 + L n - k+2 A a k _ 4 + • • • . 

where a k -2i is a closed primitive form of degree k — 2i for each i > 0. How- 
ever, by Lemma [8. 1[ [cu A Tjm] = 0. Now using the definition of primitive 
forms, an easy calculation shows that [cu n ~ k+1 A <x k ] = and that 

= [cu A t n ] 

= L n - k [cx k _ 2 ] + L n - k+1 [ak-4] + -- - • 
By the uniqueness of the Lefschetz decomposition (|2.8[) we have that 
[aic-2] = [ak-4] = • • • = 0. 

□ 

Lemma 8.3. Let (M, cu) be a In-dimensional symplectic manifold with the Hard 
Lefschetz property. Let N be a compact oriented submanifold of M with codimen- 
sion k, and [tn] the Thorn class of the submanifold N. Consider the following 
Lefschetz decomposition of[r^}. 

(8.1) [t n ]= L r [a k _ 2r ], 

r>max{*=^,0) 

where <x k _2r is a closed primitive differential form of degree k — 2r. Ifk is odd, or 
zjk = 2p is even and L n_p [TN] = 0, then all the non-zero primitive cohomology 
class [a k _2r] appeared on the righthand side of Equation \8.1\ are of degree greater 
than zero. 

Proof. When k is odd, Lemma 18.31 follows from dimension consideration. 
Now assume that k = 2p is even and write 

v 

(8.2) [T N ]=^L r [a 2p _ 2r ], 

T=l 

where cx2 P -2r is a closed primitive differential form of degree 2p — 2r. It 
suffices to show that [<xo] = 0. Applying L n ~ v to the both sides of Equation 
l82l we get that 

v p-i 

= Y_ L n - p+r [« r ] = Y_ l- n ~ P+r [«2p-2r] + L n [« ]. 
r=l r=1 

Note that for any 1 < r < p — 1 , 

L n -? +T [<X 2p -2r] =L^- 1 L n - 2 (^ +1 [0C2p-2r] =0, 

since [«2 P -2t] represents a primitive cohomology class of degree 2p — 2r. It 
follows that L n [ao] = 0. Since the symplectic manifold M satisfies the Hard 
Lefschetz property, we must have that [oco] = 0- 

□ 
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Now we are ready to prove Theorem II .11 

Proof. It is a direct consequence of Lemma 18.21 Lemma 18.31 and Corollary 
17121 □ 

Remark 8.4. Without the assumption that the symplectic manifold satis- 
fies the Hard Lefschetz property it is easy to use flL04l Prop. 2.3] to show 
that there are examples of compact oriented isotropic submanifolds whose 
Thorn classes do not have any symplectic Harmonic representatives. 
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